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PREFACE 


This book is designed as a text for first-year graduate students of 
metric differential geometry, and it will also be found useful by those 
who wish to acquire some knowledge of this subject by independent 
reading. The treatment is elementary. Plane analytic geometry, 
three-dimensional analytic geometry, and calculus are prerequisite for 
understanding the developments of the text, but vectors are not used. 
The advantages of a treatment by means of vectors are well known, 
but it has been thought best, in order to make the discussion as ele- 
mentary as possible, to refrain from employing them here. 

Most of the material included is classic. It has been the common 
heritage of so many generations of geometers that no attempt has been 
made to give complete references to sources or to assign credit in every 
instance for the original discovery of results. An occasional reference 
has been given to more extensive treatises, particularly for the proofs 
of a few theorems which have been included here without proof. A 
bibliography of a few of the best-known treatises is appended at 
the end. 

The reader who is acquainted with projective differential geometry 
will recognize that the definitions of those configurations which admit 
of projective definitions are stated in projective form. Moreover, 
whenever it is feasible to do so, definitions are stated in such a way as 
to be valid in hyperspace as well as in ordinary space. As a rule, no 
simplicity is lost in so doing, and anyone who goes on to study pro- 
jective differential geometry and hyperspatial geometry will find the 
road made smoother by this method of treatment. 


University of Chicago 
October 1939 
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CHAPTER I 


CURVES 

1. Introduction. This book is primarily devofed to the analytic 
metric differential geometry of curves and surfaces in ordinary three- 
dimensional space. To say that a geometry is analytic means that it 
employs a coordinate system and thus avails itself of the powerful 
methods of algebra and analysis. Furthermore, metric geometry is 
characterized by saying that it is the study of properties of figures 
that are unchanged when the figures themselves are subjected to rigid 
motions, namely, translations and rotations. Examples of such prop- 
erties arc the distance between two points, the angle between two 
lines, and the area of a triangle. The fact that the ordinary measures 
of these and various other quantities arc invariant under rigid motions 
has caused this geometry to be called metric. 

The differential, or infinitesimal, geometry of a figure is concerned 
with properties of the figure that depend only on a neighborhood of one 
of its elements. For instance, the differential geometry of a plane 
curve, regarded as the locus of a point, is concerned with the proper- 
ties of the curve in a neighborhood of one of its points, as distinguished 
from properties which depend on the entire curve. The familiar defini- 
tion of the tangent at a point of a curve, which states that the tangent 
is the limit of the secant through this point and a neighboring point 
on the curve as the second point approaches the first along the curve, 
is perhaps the simplest geometrical definition having a characteristi- 
cally differential nature; obviously, the tangent depends only on a 
neighborhood of its point of contact. On the other hand, the problem 
of determining the number of intersections of a straight line and a 
conic in the same plane demands for its solution a knowledge of the 
entire line and conic and is an instance of a problem not of an essen- 
tially differential character. 

The definition of the tangent just referred to involves a limiting 
process. Such limiting processes occur frequently in differential ge- 
ometry. For this reason the differential calculus is a very convenient 
tool for its study. Indeed, most books on the calculus freely employ 
the metric differential geometry of plane curves as an aid in interpret- 
ing the definition of the derivative and as a field of application of the 
principles of the calculus. So the reader is probably already familiar 

1 
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with the fact that, when the equation of a plane curve C is written 
with ordinary orthogonal cartesian coordinates x, y in the form 

( 11 ) y = y {^) , 

the equation of the tangent at a point P(x, y) of C is 

( 1 - 2 ) = («'"!)• 

in which X, Y are the coordinates of a variable point on the tangent. 
Moreover, the equation of the normal at the point P of the curve C is 

(1-3) y\Y-y)-\-X-x = 0. 

The element of arc length ds of C is given, except for sign, by the 
formula 

(1-4) ds* = dx* + , 

and the curvature 1/p at the point P of the curve C is expressed in 
terms of derivatives of y by the formula 

a-5) 1- y" - 

2. Definition and equations of a curve. In ordinary three-dimen- 
sional space let us establish a left-handed orthogonal cartesian coordi- 
nate system with the same unit of distance for all three axes. In this 
system any point P has coordinates x, y, z, as in Figure 1. 

A curve may be described qualitatively as the locus of a point mov- 
ing with one degree of freedom. A curve is also sometimes said to be 
the locus of a one-parameter family of points, or the locus of a single 
infinity of points. However valuable these descriptions may be for 
facilitating the visualization of a curve, none of them are sufficiently 
restrictive for our present purposes. So we proceed to define a real 
proper analytic space curve. 

Definition 1. Let the coordinates x, y, z of a point P be given as 
8ingle~valued realmlued analytic functions of a real independent vari- 
able ton an interval T of a Uaxis, by equations of the form 

(2*1) x = x(f), y = y{t), z = 2(0. 

Further, suppose that the functions x{t), y(t), z{t) are not all constant 
on T. Then the locus of the point P,ast varies on the interval T, is a real 
proper analytic curve C. 
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Some comments on the foregoing definition will perhaps clarify its 
meaning. Equations (2 1) are called the parametric equations of the 
curve C, the parameter being the variable t. We reserve the right to 
permit the parameter t to take on complex values if they are properly 
introduced in the sequel. Moreover, one or more of the coordinates 



X, y, z may, under suitable conditions, be allowed to be complex. The 
curve C would in this case be called complex, or perhaps, under suitable 
conditions, imaginary. To say that a curve is proper means that it 
does not reduce to a single fixed point, as it would do if the coordinates 
X, y, z were all constant. It is clear that at an ordinary point of a real 
proper analytic curve, i.e., a point where nothing exceptional occurs, 
the inequality 

(2-2) a:'* + y's + /* > 0 
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holds. Any point of such a curve where this inequality fails to hold is 
called singidar, although the singularity may belong to the parametric 
representation being used for the curve defined as a point-locus, or 
may belong to the curve itself. Singular points will ordinarily be avoid- 
ed hereinafter. A curve, or portion of a curve, which is free of singular 
points may be called nonsingular. Furthermore, we assume that the 
interval T is so small that values of the parameter t on the interval T 
and points (x, y, z) on the curve C are in one-to-one correspondence, 
so that the parameter ^ is a coordinate of the corresponding point 
(x, y, z) on the curve C. 

To say that the functions x, y, z are analytic means, roughly, that 
they can be expanded into power series. More precisely, this state- 
ment means that, at each point to within the interval T, each of these 
functions can be expanded into a Taylor’s series of powers of the differ- 
ence t — which converges when the absolute value |< — <ol is suffi- 
ciently small. It would be possible to study differential geometry 
under the hypothesis that the functions considered possess only a defi- 
nite, and rather small, number of derivatives; but we assume ana- 
lyticity in the interests of simplicity. So the word /unction will mean, 
for us, analytic function; and the word curve will mean a real proper 
nonsingular analytic curve unless the contrary is indicated. 

Some examples of parametric equations of curves will now be ad- 
duced. First of all, the equations (2 • 1) may be linear, of the form 

(2-3) x = a-\-lt, y = l>-\-mt, z = c + nt, 

in which o, b, c and I, m, n are constants. Then the curve C is a straight 
line through the fixed point (a, b, c) and with direction cosines pro- 
portional to I, m, n. If t is the algebraic distance from the fixed point 
(o, 6, c) to the variable point (x, y, z) on the line, then 1, m, n are the 
direction cosines of the line and satisfy the equation 

(2'4) P -1- w* -|- w* = 1 . 

As a second example, equations (2 • 1) may take the form 

(2-6) x = t, y = P, z = t^. 

The curve C is then a cubical parabola. This is one form of a twisted 
cubic, which can be defined as the residual intersection of two quadric 
surfaces that intersect elsewhere in a straight line (see Exs. 2, 6, be- 
low). Finally, if equations (2 • 1) have the form 

(2 -6) X = o cos t , y = o sin f , z — bt (a > 0 , b > 0) , 
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the curve C is a left-handed circular helix, or machine screw. This may 
be described as the locus of a point which revolves around the s-axis 
at a constant distance a from it and at the same time moves parallel 
to the «-axis at a rate proportional to the angle t of revolution (see 
Fig. 1). If we had supposed 6 < 0, then the helix would have been 
right-handed. 

A curve can be represented analytically in other ways than by its 
parametric equations. For example, it is known that one equation in 
X, y, z represents a surface, and that two independent simultaneous 
equations in x, y, z, say 

(2-7) F{x, y,z) = Q, Gix, y, z) = 0 , 

represent the intersection of two surfaces, which is a curve. Equa- 
tions (2-7) are called implicit eqiuUions of this curve. Sometimes it is 
convenient to represent a curve by implicit equations, when really 
the curve under consideration is only part of the intersection of the 
two surfaces represented by the individual equations (see Ex. 2). 

If the implicit equations (2 -7) be solved for two of the variables 
in terms of the third, say for y and z in terms of x, the result can be 
written in the form 

( 2 - 8 ) y = y{x) , z = z{x) . 

These equations represent the same curve as equations (2-7); and 
they, or the equations which similarly express any two of the coordi- 
nates of a variable point on the curve as functions of the third co- 
ordinate, are called explicit equations of the curve. Each of equations 
(2 8) separately represents a cylinder projecting the curve onto one 
of the coordinate planes. So equations (2 • 8) are a special form of equa- 
tions (2 -7) for which the two surfaces are projecting cylinders. 

If the first of the parametric equations (2 • 1) of a curve C be solved 
for ^ as a function of x, and if the result is substituted in the remain- 
ing two of these equations, the explicit equations (2 -8) of the curve C 
are obtained. From one point of view, the explicit equations (2 ‘8) of 
a curve, when supplemented by the identity x = x, are parametric 
equations 

(2 9) X = X , y = y{x) , z = a(x) 

of the curve, the parameter now being the coordinate x. 
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EXERCISES 

1. Write explicit equations for the straight line (2 3), the cubical parab- 
ola (2 5), and the helix (2 6). 

2. Show that the cubical parabola (2 6) is only part of the intersection of 
the two cylinders 

y = x\ z = 

and is also only a part of the intersection of the two quadric surfaces 

z = xy , = zx. 

3. Prove that the cubical parabola (2 -5) intersects any plane 

ax + by + cz + d = 0 
in three points, and discuss special cases. 

4. Prove that a necessary and sufficient condition that a curve (2 1) be a 
plane ciuwe is 

K y' I 


(2 10 ) 


x" y" s" =0 


x"' y"' z'" 




5. Determine the function/ so that the curve 

* = o cos i , y = aaint , z = f{t) 
shall be a plane curve. What is then the form of the curve? 

6. Compare the shapes of the four types of twisted cubics: 

a) Cubical ellipse, 


<*+ 1 ’ 


{*+ 1 ’ 


<* + 1 • 


b) Cubical hyperbola. 


P - 1 


p - 1 


r - 1 • 


c) Cubical parabola. 


a: = , y = t , z = i^ 


d) Cubical hyperbolic parabola, 


X = t» , y = t, z = 


t - 1 • 
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3. Arc length. We shall now establish a formula for the square of 
the element of arc of a space curve analogous to the formula (1 -4) for 
a plane curve. Referring to Figure 2, let us consider a point P(i, y, z) 
on a curve C represented by equations (2 1) and consider also on C a 
neighboring point Q(x + Ax, j/ + ^y, z + Az). Draw the line PQ, 



and let the segment of this line between P and Q be denoted by Ac, 
while the arc of the curve C between P and Q is denoted by As. From 
elementary geometry it is known that 

(3 1) Ac^ = Ax* + Ay* + Az* . 

Let t be the value of the parameter corresponding to the point P, and 
let At be the increment of the parameter corresponding to displace- 
ment along the curve C from P to Q. Then elementary algebra gives 
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Letting M approach zero and assuming that the limit of the ratio of 
the chord Ac to the arc As is unity, i.e., that 


(3-3) 


lim 

Aa 


— 
0 As 


1 , 


we obtain 

. . ( dsy / dxV ( dyV ( dzy 

Uy " w ■‘‘Uy ^U/ • 


Multiplying through by dP, we arrive at the desired formula for the 
square of the element of arc of a space curve, namely, 

(3 -5) ds* = dx^ + dy^ + dz® . 

A formula for cakukUing the kngth of a curve between two points 
on it can now be deduced. The inequality (2-2) assures us that 
ds/dt 9 ^ 0. Let us solve equation (3 -4) for ds, taking the positive 
square root, and then integrate with respect to t from an arbitrarily 
chosen fixed lower limit to a variable upper limit t. With the under- 
standing that the arc length s is zero when t = to, we reach the re- 
quired formula, 

(3-6) * ^ X ^ ^ {y' ‘ 

It should be carefully noted in this connection that taking the posi- 
tive square root is equivalent to making ds/dt > 0, so that s is an in- 
creasing function of t. Thus, a positive sense on the curve C has been 
chosen according to the following convention: 

The positive sense on a curve defined by parametric equations is, by 
agreement, the sense in which the parameter increases. 

This convention is not of a purely geometric nature, since the posi- 
tive sense along a curve C, as agreed upon, is not determined when 
the curve is given but depends on the parameter used in the analytic 
representation of the curve. This parameter can be changed at will in 
the following way. Let us suppose that the parameter t is an arbitrary 
function of another parameter u, so that 
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Then let us substitute this function in equations (2 • 1), obtaining 

(3-8) X = x(t(u)) , y = y(<(u)) , z = z(<(m)) . 

These are the parametric equations of the same curve C referred to the 
new parameter u. In particular, the transformation of parameter t = 
—u reverses the positive sense on the curve C. 

It may be worth noting that at the close of Section 2 the parameter 
was, in effect, specialized to be the coordinate x. For some purposes 
this choice of parameter is very convenient. It will be more convenient 
for our purposes, however, to choose the arc length s along a curve C, 
measured from an arbitrarily chosen fixed point on C, as the parameter 
for C. This choice is effected in the following way. Since ds/dt ^ 0, 
it follows that the integral in equation (3-6) can be inverted, so that 
this equation can be solved for ^ as a function of s; let the result of 
this solution be 

(3-9) t = <(s). 

Substituting in equations (2 1) as we did before, we now obtain the 
parametric equations of the curve C vnth the arc length s as parameter: 

X = x(t(s )) , y = y(t(s)) , z = z(t(s )) . 

From the foregoing discussion the following conclusion can be drawn. 

Theorem 1. It is no restriction on a curve to suppose that the param- 
eter used in writing the parametric equations of the curve is the arc 
length s measured from an arbitrarily chosen fixed point of the curve. 

It will be supposed hereinafter, unless the contrary is indicated, 
that the parameter is the arc length s, and then accents will indicate 
derivatives with respect to s. When the parameter is not necessarily 
the arc length, some letter other than s will be used to denote the 
parameter. Equation (3 • 5) can be re-written in the form 

(310) a:'* + j/'* + z'* = 1 = ^ , • • •) 

from which one obtains, by differentiation, 

(3 11) x'x” + y'y" + z'z'' = 0 . 

These equations will be used frequently in succeeding sections. 
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EXERCISES 

1. Show that the p)arametric equations of the helix (2 6), when the param- 
eter is the arc length s, measured from the point of the helix on the x-axis, 
become 

(3 12) I = a cos (o* ^ i^y/i , » = o sm ^ , « = („* + • 


2. The length of one turn of the helbc is 2jr(o* -f 6*)*/*. 

3. When the equations of a curve are written in the explicit form (2 8), 
the arc length may be calculated by the formula 


(3 13) 


s 



(1 + y'* -I- z’*yf*dx 



4. Show how to calculate the arc length when the equations of a curve are 
written in the implicit form (2 7). 


5. The length of the curve 


2oy = X* , 6a*5 = 


from the origin to any point (x, y, s) is x + z. 

6. The length of the curve 

2 /r’\ 1/2 

y = 2(ax)*/-x. 2 = x - |(y 

from the origin to any point (x, y, z) is x + y — z. 

7. Find the length of the curve 

t 2 y2 fj 

= x = 2(c*/- + c-/«) 


from the point (a, b, 0) to any point (x, y, z). 


8. Investigate the most general transformation of parameter preserving 
the condition 


(3 14) 


x'* + y'* + 2'* = 1 



4. The local trihedron. The local trihedron at a point of a space 
curve is a trihedron having for edges three mutually perpendicular 
straight lines through the point, of which one is the tangerd and the 
other two are normals, called, respectively, the prindped normal and 
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the binormal. In order to define the local trihedron more explicitly, we 
proceed to make use of the hypothesis of analyticity formulated in 
Definition 1 of Section 2. Except when the contrary is indicated, the 
points of curves under consideration will always be ordinary points, 
i.e., nonsingular points at which nothing special or exceptional occurs. 

Let us consider an analytic curve C whose parametric equations, 
with the arc length s measured from a fixed point Po on C as param- 
eter, are 

(41) x = x(s) , y = y(s) , z = 2 (s) . 

As in Figure 3, let P(x, y, z) be a point on C, corresponding to a certain 
value s of the parameter, and let Pi(xi, yi, Zi) be a neighboring point 



on C, correspondhig to a value s -1- As of the parameter. Since the 
curve C is analytic, each of the functions Xi, j/i, Zi can be expanded 
into a power series in As, so that we have 


(4-2) 


Xi = X -I" x'As "1- Jx^^As* 

= 1/ + 1^'As + iy''As® H , 

Zi = 2-1- z'As -b Jz"As* + • • • ^ ‘ ’ 
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Here each of the functions Xi, y\, z\ is to be evaluated at s + As, 
while each of x, y, z, x', y', z’, x'\ ... is to be evaluated at s; moreover, 
As is supposed to be so small that all the series (4 - 2) converge. These 
series will be fundamental in much of what follows. 

The tangent hne, or briefly the tangent, of a space curve may be de- 
fined with the same language as the tangent of a plane curve. 

Definition 1. The tangent line at a point P of a curve C is the limit 
of the secant line through P and a neighboring point Pi on C, as Pi ap- 
proaches P along C. 

In order to find the equations of the tangent line, let us consider 
a variable point Q(X, Y, Z) on the secant line PPi, as in Figure 3. 
The so-called two-point formula for the equations of a straight line 
gives immediately the equations of the secant line, namely. 


X-x ^ Y-y _ Z-z 
xi - X yi- y zi- z’ 


Substituting for ii, yi, Zi the respective power series (4 2), multiplying 
through by As, and then letting As approach zero, we obtain the equa- 
tions of the tangent line at the point P of the curve C, 


(4-4) 


X-x _ Y-yZ-z 
X* y' z' 



dx \ 

ds ’ / ■ 


Here X, Y, Z are the coordinates of a variable point on the tangent, 
and X, y, z, x', y', z' are to be evaluated at the value of s corresponding 
to the contact point P. 

Let us denote the direction cosines of the tangent by a, /3, y. Then, 
except possibly for sign, these are respectively equal to x', j/', z'. To 
remove the ambiguity of sign, we choose the positive sense on the 
tangent according to the following convention : 

The positive sense on the tangent is, by agreement, such that 

(4-5) o = x', /3 = y', y = z' . 

If t is the algebraic distance along the tangent from the contact 
point P(x, y, z) to the variable point (X, Y, Z), then each of the ratios 
in equations (4 -4) is equal to t. Consequently, the equations of the 
tangent can be written in the parametric form. 


(4-6) X = x + a<, y = y + |8<, Z = z-\-yt. 
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We next define one of the faces of the local trihedron, called the 
normal plane. 

Definition 2. The normal plane at a point P of a curve C is the plane 
through P perpendicular to the tangent line of C at P. 

The equation of the normal plane can be written by observing that 
the equation of any plane through the point (x, y, z) has the form 

(4-7) a(X - x) + 6(F - y) + c{Z - z) = 0 , 

in which o, b, c are proportional to the direction cosines of any line 
perpendicular to the plane. Since the tangent line is perpendicular to 
the normal plane, it follows that the equation of the normal plane is 

(4 8) a(.X: - x) + KY - y) + 7 (Z - z) = 0 . 

Another face of the local trihedron, called the osculating plane, is, 
in some sense, an analogue of the tangent line. A tangent line of a 
curve is sometimes described by saying that it is a two-point line of 
the curve, or also by saying that it intersects the curve in two consecu- 
tive points at its point of contact. Now, just as a line is determined by 
two points, so a plane is determined by three points. Consequently, 
in studying a space curve C, it is suggested to consider a three-point 
plane, or a plane that intersects C in three consecutive points at a 
point P. Such a plane is called the osculating plane of C at P, and P 
is referred to as its point of osculation. 

Definition 3. The osculating plane at a point P of a curve C is the 
limit of the plane through P and two neighboring points Pi, Pi on C 
and not collinear with P, as each of Pi, Pi independently approaches 
P along C. 

In order to write the equation of the osculating plane, let us recall 
that the equation of the plane determined by the three points P, Pi, 
Pi can be written in the form 

X Y Z 1 

X y z I 

xi yi Zi 1 

Xi yi Zi 1 

a variable point on the plane having coordinates X, Y, Z, the point 
P having coordinates x, y, z, and the point Pi having coordinates 
Vi) (* = 2). Let us substitute for Xi, yi, Zi the power series 



(4-9) 
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(4 2) with Asi in place of As, and similarly substitute for Xj, y*, 22 the 
series (4-2) with As* in place of As. Then, taking suitable linear com- 
binations of rows, and making use of certain elementary properties 
of determinants, we reduce the equation (4 9) whose left member is 
a determinant of the fourth order to the following equation, whose 
left member contains as a factor a determinant of only the third 
order: 


(4 10) 


X-x Y-y Z-z 
x' + ' ’ • y' + • • • z' + ’ • ' 
x" -!-••• y" + -- «" + ••• 


|AsiAss(As 2 — Asi) = 0 , 


the dots indicating terms which vanish when Asi and As 2 approach 
zero. Dividing this equation by the factor outside of the determinant, 
and letting Asi and As 2 approach zero, we obtain the equation of the 
osculating plane, 


(4- 11) 


X-x Y-y 

x' y’ 


Z-z 


= 0. 


On interchanging rows and columns and writing only a typical 
row within parentheses, this equation becomes 


(4 12) (X - X, x', x") = 0. 

Another way of arriving at the equation of the osculating plane is 
instructive. Let us return to the equation (4 7) of any plane through 
the point P(x, y, z), and substitute therein in place of X, Y, Z the 
power series (4 -2) for xi, yx, zx, writing Asi in place of As to corre- 
spond to the point Pi. The result is a necessary and sufficient condi- 
tion that the plane (4 -7) contain Pi, or that it contain the secant line 
PPi. Dividing through by Asi, and then letting Asi approach zero, 
we obtain the following condition on o, b, c: 


ax' 4- by' -|- cz' = 0 . 


This condition is necessary and sufficient that any normal to the plane 
(4 -7) be perpendicular to the tangent line at the point P of the curve 
C, or, in other words, that the plane contain the tangent line of C at P. 
A plftTiP! satisfying this condition may be called a two- point plane of the 
curve C at the point P. Let us again substitute in equation (4 *7) in 
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place of X, Y, Z the power series (4-2) with subscripts 2, where we 
previously had subscripts 1, to correspond to the point Pj. Making 
use of the condition just found for a two-point plane, let us divide 
through by As, and then let Ass approach zero ; the result is the fol- 
lowing condition on a, 6, c: 

ox*' -H by" ^ cz" - 0 , 

Elimination of a, b, c from eqp^tion (4 • 7) and the two equations just 
found yields again the equation (4 - 11) of the osculating plane. 

It may be observed that the equation (4 -7) and the two conditions 
just found on o, b, c leading to the equation of the osculating plane 
could have been obtained by complying with the following rule. Write 
the most general equation of a plane in variable coordinates X, Y, Z, and 
demand that this equation be satisfied by the power series (4 • 2) identically 
in As as far as the terms in As*. This process will be employed later 
on in analogous situations. 

All the lines of the one-parameter family of straight lines passing 
through a point P of a curve C and perpendicular to the tangent line 
of C at P are naturally called normal lines, or simply normals, of C 
at P, These lines lie, of course, in the normal plane of C at P and form 
a flat pencil with center at P. Among these normals there are two 
which are distinguished from the rest. They are used as the two re- 
maining edges of the local trihedron and are named and defined in the 
following way. 

Definition 4. The principal normal at a point P of a curve C is the 
normal line that lies in the osculating plane of C at P. 

Definition 5. The binormal at a point P of a curve C is the normal 
line that is perpendicular to the osculating plane of C at P. 

In arriving at the equations of the binormal it will be convenient to 
make use of an easily verified algebraic identity known as Lagrange's 
identity, namely, 

(A 13^ i + ^* + <^)(P + wi* + n*) - { 0,1 -1- 6m -I- cn)* 

I = (om — 61)* -H (6n — cm)* + (cl — on)* , 

in which a, 6, c, 1, m, n are any six numbers. If a, b, c are the direction 
cosines of a line, and if I, m, n are the direction cosines of another 
line, while 0 is the angle between the two lines, then 

a* -f 6* -|- c* = 1 , 1* -|- m* -j- n* = 1 , cos fl = ol -f 6m -f cn , 

sin* $ - {am — 61)* -f {bn — cm)* + (cl — on)* , 
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and so in this case Lagrange’s identity reduces to the trigonometric 
identity 

1 — cos* 0 = sin* 6 . 


Denoting the. direction cosines of the binormal by X, /*, v we observe 
that X, n, V are respectively proportional to the coefficients of X, Y, Z 
in the equation (4 11) of the osculating plane, so that we may write 

(414) X = p(j/’2" - , M = p{z'x" - z'V) , 

. = p{xY - x’V) , 


where p is a proportionality factor to be determined. Squaring and 
adding equations (4 • 14), making use of Lagrange’s identity in x\ y', z' 
and x”, y", z”, and keeping in mind equations (3 10) and (3 • 11), we 
obtain 

(4 15) ^ = x"* + y"* + 2 "*. 

This equation determines p except for sign. This ambiguity of sign 
is removed by the following convention with regard to the positive 
sense on the binormal, which enables us always to take the positive 
square root when solving for p: 

The positive sense on the hinormal is, by agreement, such that p is 
positive. 

The equations of the binormal can immediately be written and are 

( 4 ., 6 ) 


The equations of the principal normal can be written in the form 


(4 17) 


X-x Y -y Z-z 

I m n 


in which the direction cosines I, m, n will be shown to have the values 
given by 

(418) I = px" , m py” , n = pz*' . 

To make the demonstration, let us observe that, since the principal 
normal is perpendicular both to the binormal and to the tangent, we 
have 

1(^'2” — y'*z') + m(z'x" — z'V) + n(xV' - x^'y') » 0 , 

W + my' + nz' *= 0 . 
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Solving these equations for the ratios of I, m, n, and keeping always in 
mind the fundamental equations (3-10) and (3 11), we obtain 

(4 -19) I = hx" , m = ky" , n = kz" , 

where A: is a proportionality factor to be determined. Squaring and 
adding these equations, we find by (4-15) that A;* = p*. The ambi- 
guity in the sign of k is removed, and the proof completed, by making 
the following convention with regard to the positive sense on the 
principal normal ; 

The positive sense on the principal normal is, by agreement, such that 
k = p. 

The three edges of the local trihedron, namely, the tangent, princi- 
pal normal, and binormal lie by pairs in its three faces, namely, the 
osculating plane, the normal plane, and the rectif 3 dng plane, the last- 
named plane being defined as follows; 

Dkfinition 6. The rectifying plane at a point P of a curve C is the 
plane through P perpendicular to the principal normal of C at P, 

It follows at once that the equation of the rectifying plane is 

(4 20) liX - i) + m{Y - y) -H n(Z - «) = 0 . 

Incidentally, it may be observed that the equation (4 11) of the oscu- 
lating plane can also bo written in the form 

(4-21) X(.Y - x) -I- -y) + viZ - z) = 0. 

EXERCISES 

1 . The tangent line at a point of a straight line is the line itself. The oscu- 
lating plane at a point of a plane curve not a straight line is the plane of the 
curve, and the osculating plane at a point of a straight line is indeterminate. 

2. The circular helix (2 6) crosses the generators of the cylinder x* -f- y* = 
o* at a constant angle, namely, 

b 

(a* + 6’)>'* • 

3. The principal normal at any point of the circular helix (2 6) intersects 

orthogonally the ai-axis, i.e., the axis of the cylinder = o® on which 

the helix lies. 

4. The equations (4 4) of the tangent and (4 11) of the osculating plane 
are unchanged in form if the parameter is changed from the arc length s to 
any parameter L In this case the formula (4 15) for p becomes 


(4 22) 


1 - (Sx'x")® 
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the summation being for cyclical permutation of i, y, z. Study the effect of 
this change of parameter on the remaining formulas of this section. 

5. Through any point Q in space there pa.s8 three osculating planes of the 
cubical parabola (2 5). The three points of osculation of the.se planes lie in 
a plane which passes through Q. 

6. The matrix 

/ o /3 7 \ 

If m n I 

\ X V / 


is orthogonal. The determinant of this matrix has the value +1. The sum 
of the squares of the elements in any row (or column) is unity. The sum of 
the products of the elements in any row (or column) by the corresponding ele- 
ments of a different row (or column) is zero. Each element of the matrix is 
equal to its own cofactor, so that 


(4 23) 


a = mv — nfi , 
j 1 = Hy - 
[ X = /3n — 7»i , 


/3 = nX — h' , 
m = va — \y 
H = yl — an 


y — ly. — mX , 
n = X|d — jua , 
V = am — . 


7. If all the osculating planes of a curve pass through a fixed point, the 
curve is a plane curve. 

8. Prove that all the normal planes of the curve 


X — a sin* t, ?/ = o sin t cos f , z = o cos f 


pass through the origin. 

9. Show that, of all lines through a point P of a curve C, the tangent line 
is nearest the curve, by proving that the distance from a point P i on C to the 
tangent is an infinitesimal of higher order, compared with the arc PPi as 
principal infinitesimal, than the distance from Pi to any other line through P. 

10. Show that, of all planes through tl^ tangent line at a point of a curve, 
the osculating plane is nearest the cu^ve, ii|the>8ense of Exercise 9. 

6. Curvature and torsion. At each point of a plane curve there is 
a curvature, which may be calculated by the formula (15). But at 
each point of a space curve there are two curvatures, called, respec- 
tively, the first and second curvatures, or, better, the curvature and 
the torsion, which it is the purpose of this section to discuss. 

Intuitively, the curvature at a point of a space curve, like that of a 
plane curve, is a measure of the rate at which the tangent at the point 
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rotates when the point of contact moves along the curve. More pre- 
cis(*ly, the curvature at a point of a curve is the rate of change in the 
direction of the tangent line, per unit arc length of the curve. In still 
more exact language, the curvature may be defined as follows: 

Definition 1. The curvature at a poirU P of a curve C is the limit 
of the ratio of the angle between the tangent at P and the tangent at a 
neighboring point Pi of C, to the arc PPi, as the point Pi approaches 
P along C. 

If the angle between the two tangents at P and Pi is denoted by 
b6, and if the arc PPi is denoted by As, it follows immediately that 
the curvature of C at P is 


lim 

0 


M 
As ' 


J 


For the purpose of finding an expression for the curvature at a point 
of a curve in terms of derivatives of the coordinates of the point, it is 
advantageous to make use of a spherical indicatrix, in the following 
way. Ijct us construct a sphere with center at the origin and with 
unit radius. Let us then consider a point P on a curve C and on C a 
neighborhood of P such that no two of the tangents of Q at points in 
this ii<‘ighborhood are parallel to each other. Finally, let us draw radii 
of the sphere parallel to all these tangents. The locus of the extremities 
of these radii is a curve F on the sphere called the spherical indicatrix 
of the tangents of the curve C. The points of the indicatrix F are in 
one-to-one correspondence with the points of the curve C. Let Q and 
Qi Im* the points of F corresponding, respectively, to the points P 
and Pi of C. Let the arc of the indicatrix between Q and Qi be denoted 
by Aff, and let the arc of the great circle through Q, Qi be denoted 
by Ac. Assuming that 


we find 
(5 1) 


Ac 

hm — = 1 , 
.> 0 Act 


lim 


Aa ■ 


A$ Ac m- ^ Aer Aff da 
— = hm — =^im T~ = 1>™ ^ = j- 
As As Aa As As ds 


since Aff = Ac, in the sense that*the number of radians in Aff is equal 
to the number of linear units (radii of the sphere) in Ac. But since 
the coordinates of a point at unit distance from the origin are equal 
to the direction cosines of the line from the origin to the point, it fol- 
lows that the coordinates of the point Q are o, /3, 7 . The formula (3 -4) 
for the derivative of the arc of a curve can now be applied to the indi- 
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catrix F, along which the parameter is the arc length s on C. In this 
way, and by means of equations (4 5), (4 15), one obtains 

(5 -2) = a'* + + 7'* = + y"* + ^ . 

It follows that da/ds = 1/p if the convention is made that the arc a 
on the indicatrix shall be an increasing function of the arc s on the 
curve C. The result may be stated in the form of a theorem. 

Theorem 1. The curvcUure at a point of a curve is 1/p, the function p 
being positive and computed by equation (4 15). 

The torsion at a point of a curve is, intuitively, the rate at which 
the binormal at the point rotates when the point moves along the 
curve. The following definition of the torsion is obtained from the 
definition of the curvature by substituting the binormal for the tangent. 

Definition 2. The torsion at a point P of a curve C is the limit of 
the ratio of the angle between the binormal at P and the binormal at a 
neighboring point Pi of C, to the arc PPi, as the point Pi approaches 
P along C. 

If the angle between the two binormals at P and Pi is denoted by 
A4>, and if the arc PPi is denoted by As as usual, then the torsion of 
C at P is 


A*->0 As 

The spherical indicatrix of the binormals of the curve C is constructed 
in the same way as the indicatrix of the tangents, the binormals being 
used in place of the tangents. If <r now denotes arc length on the indi- 
catrix of the binormals, and if the torsion is denoted by 1/t, it is easy 
to show that 

• 

Therefore the torsion is given, except for sign, by the formula 
(5-4) i 

T 

The ambiguity of sign will be removed in the next section. 
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EXERCISES 

1. The curvature at a point of a plane curve of the family defined by the 
equations 

21 = 0 , M{Xf y)dx + N{Xj y)dy = 0 
is given by the formula 

1 _ MN{My + Vx) - VWx - MWy 

P (M2 + iV2)3/2 

where the subscripts indicate partial derivatives. 

2. The curvature of the circular helix (2 6) is given by the formula 


(5 5) 

and is therefore constant. 


1 _ a 

p “ a2 + 62 


3. If the curvature of a real curve is zero at every one of its points, the 
curve is a straight line, and conversely. 

4. Let a circle* of radius a be drawn on a sheet of paper which is then rolled 
into a circular cylinder of radius 6. If the cylinder is placed with its axis on 
the 2 -axis and with the bottom of the rolled circle on the x-axis, the parametric 
equations of the curve are 



2 / = 6 sin 



where is the arc of the curve measured from the bottom. The curvature of 
the curve is given by the formula 


(5 6) 


1 1^1 4 ^ 

p2 0 ^ a 


5. Consider a point P of a curve C and a point Pi near P on (7, in the posi- 
tive sense from P. On the positive end of the tangent of C at P lay off a seg- 
ment PM equal in length to the arc As of C between P and Pi. Denote the 
length of the segment PiM by d. Then prove that the curvature 1/p of C 
at P is given by 


(5 7) 


1 2d 

~ = lini T-^ . 


* C. Smith, Solid Ceometry (London: MacMillan & Co., 1910), p. 212, Ex. 20. 
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6. If in the formula (1 5) for the curvature of a plane curve the independ- 
ent variable is changed from x to s and the convention is observed that the 
positive square root is to be taken in the d(*nominator, the curvature is found 
to be given by 


(5 8) 


= x'/y" - 



and so may be either positive or negative in sign. But if 2 = 0 in (4 15) and 
if the convention is observed that the powsitive square root is to be taken, the 
curvature of a plane curve is found to be given by 

(5 9) n"-y'\ 

and so is always positive. Reconcile these results with regard to both the 
magnitude and the sign of the curvature. 


Frene t formulas. The JVenct formula.s express the first deriva- 
tives, with respect to the arc length, of the nine direction cosines of 
the three edges of the local trihedron linearly in terms of these cosines 
themselves, the coefficients being, except possibly for sign, the curva- 
ture and torsion. When written in our customary notation the Frenet 
formulas are 



the accent indicating differentiation with respect to the arc length s. 

The formulas (6 • 1) can be established in the following way. The 
three formulas in the first row result at once upon diff(*rentiating equa- 
tions (4 5) and eliminating x”, y”, z" by means of (4 18). In order 
to arrive at the three formulas in the third row, let us begin by diffenm- 
tiating the equations 


4- ju’* + = 1 » aX -|- /3 m + yi' = 0 . 


The derived equations can be reduced, by means of the first three of 
the Frenet formulas (already established) and the orthogonality of the 
principal normal and binormal, to 


XX' 4* /i/ii' 4" = 0 , 


aX' 4- /3m' 4- 7 / = 0 . 
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Solving these equations for the ratios of X', v', and employing the 

equations in the second line of (4 23), wc get 

\' = kl , = km , v' = kn, 

where i: is a proportionality factor to be determined. Squaring and 
adding these equations, and making use of equation (5 4), we find 
1/t* = A:*. Here is an opportunity to keep the promise made at the end 
of liection 5, to remove the ambiguity in the sign of the torsion, by the 
following convention with regard to it : 

The sign of the torsion 1/t is, by agreement, such that 1/t = fc. 

The Frenet formulas in the second line of (6-1) can be established 
by first differentiating the equations in the second line of (4-23), and 
then using the Frenet formulas already established, as well as the re- 
maining equations (4 23). 

In spite of the fact that the formula (5 4) for the torsion apparently 
contains an irrationality, it is possible to show, in the following way, 
that the torsion is a rational function of the derivatives of the coordinates 
X, y, 2 . Differentiation of equations (4 14), followed by some simple 
reductions, results in 


( 6 - 2 ) 


yz - y z = — I - - 

pr p- 

z I — z X = — ni p , 

pr p- 

„in.j I „ P 

xy — X y = — n -^v . 

pr p- 


By means of these equations and (4 15) it is easy to verify the follow- 
ing formula. 


(6 3) 


1 

T 


1 




y 


x" y" z" 
x'" y'” z'” 


after first expanding the determinant on the elements of the second 
row. This formula exhibits the torsion 1/t as a rational function of 
the first, second, and third derivatives of x, y, z. 

Let us consider the system of differential equations 


(6 4) 



(p > 0) , 
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in three unknown functions u, v, w, accents indicating differentiation 
with respect to an independent variable s, and p, r being functions 
of s. The Frenet formulas (6 1) assert that, if the functions p, t and 
the variable s have the significance usually attached to them in curve 
theory, then three triples of solutions of the, differential equations 
(6-4) are 

/3, m, p ; y, n, p . 

It would be possible to start out from the equations (6 4) as funda- 
mental and base a theory of curves on them. First of all, by means of 
the theory of such differential equations, one would prove the follow- 
ing theorem. 

Theorem 1. The differential equations (6 4) define a curve uniquely, 
except for its position in space; and for this curve Xj p and Ifr are, re- 
spectively, the curvature and the torsion, and s is the arc length. 

This method of developing curve theory is intimately related to 
another method, which takes the coefficients of equations (6 4) as 
fundamental and which is based on the following theorem. 

Theorem 2. If two functions fi,f 2 of a variable s are given, if fi > 0, 
and if I Ip, Xjr are defined by placing 

(6-5) 

P r 

then there exists a curve which is uniquely determined except for it.'i posi- 
tion in space, and for which s is the arc length and 1/p, 1 /t are, respec- 
tively, the curvature and the torsion. 

This theorem is scarcely more than a restatement f)f Theorem 1, 
and its proof may be made to depend on the integration of equations 
(6 4) ; but we shall not go into details* here. The equations (6 .5) are 
of so much importance that they are given a name by the following 
definition. 

Definition 1. The intrinsic equations of a curve are two equations 
expressing the curvature and torsion of the curve as functions of its arc 
length. 

The theory of curves can proceed from the intrinsic equationsf as 
a starting-point, but this method of studying curves will not be de- 
veloped to any great extent here. However, it seems proper to make a 
distinction between intrinsic equations, as just defined, and natural 
equations, defined in the following way. 

* Eisenhart, Differential Geometry, pp. 22-28. 

t Cesaro, Geomeina tntnrmca, Chap. IX 
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Definition 2. A natural equation of a curve is any equation con- 
necting the curvature 1/p, the torsion 1/t, and the arc length s of the curve. 
Evidently a natural equation, 



= 0 , 


of a curve imposes a condition on the curve, so that the curve has cer- 
tain special properties; but there may be many curves having these 
properties. For example, 1/t = 0 is a natural equation characterizing 
all plane curves not straight lines, and 1/p = 0 is a natural equation 
characterizing all straight lines. An additional independent natural 
equation g = 0 of the curve specializes the curve still more. If the 
two natural equations / = 0, g = 0 be solved simultaneously for 1/p, 
1/t as functions of s, the intrinsic equations (6 5) result. Therefore, 
two natural equations ordinarily determine a curve uniquely, except for 
its position in space. 

EXERCISES 

1. The torsion of a plane curve not a straight line is zero. The torsion of 
a straight line is indeterminate. 


2. If the parameter that varies along a eurve is changed from the arc 
length .s to any parameter t, the torsion of the curve is then given by the 
formula 


(6 6 ) 


Sz'*2x"* - 


y 

y" 




x'" y'" 


the summation being for cyclical permutation of ’t, y, z. 

3. The torsion of the left-handed circular helix (2 6) is given by the formula 


I ^ b 
T a* + 6* 


and is therefore constant. Moreover, the torsion of a left-handed helix is nega- 
tive when the coordinate system is left-handed. The torsion of a right-handed 
helix is positive when the coordinate system is left-handed. Discuss the situa- 
tion if the coordinate system were ri(dit-handed. 

4. In Definition I in Section 5 replace the tangent by the principal normal, 
and show that the resulting so-called third curvature is 
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Cany out a similar investigation for any line through the point P, whose 
direction cosines are functions of the arc length s. 

6. When a point P moves along a curve C, the local trihedron of C at P 
moves as a rigid body with a screw motion, which is compounded of a transla- 
tion and a rotation. Show that the direction cosines of the instantaneous axis 
of rotation* are proportional to 


(6 7) 


X_a it ^ _T 

P T ’ p T ’ P T ’ 


This line lies in the rectifying plane. As in Exercise 4, show that the rate of 
change in the direction of the instantaneous axis, per unit arc length of the 
curve, is 



6. The parametric equations of any plane curve can be written in the form 

(6 8) a: = a I cos ads , y = 6 + | sin ads , 2 = 0, 

Jn Jn 


where 


- 

~ X p ~ 


tan 


-ik 

dx 


and So is a fixed value of s. 

7. For the plane curve of Exercise 6 verify the Frenet formulas 

I 

1 “'- 

(6 9) 




“ f 0 

t = - , »( = - , 

P P 


where 


a = cos <r , /3 = sin <r , / = — sin a , m = cos a , 


8. Use the result of Exercise 6 to verify the differential equations 


(6 10 ) 



1 

P 


* Ziwet and Field, Introduction to Analytic Mechanics (New York: Macmillan 
Co., 1912), Chap. IV. 
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and then prove that x and y both satisfy the differential equoAim of plane 
curvex, 

(611) + + 

9. Defining a cylindrical helix to be a curve which lies on a cylinder and 
crosses the generators of the cylinder at a constant angle, show that this 
curve is the same as a gradient curve, defined to be a curve whose tangents 
make a constant angle with a fixed direction. Prove that the spherical indi- 
eatrix of the tangimts of such a curve is a circle, and that a necessary and 
sufficient condition that a curve be a cylindrical helix is that the ratio of its curva- 
ture to its torsion be constant. 

10. If the principal normals of a curve are all parallel to a fixed plane, the 
curve is a cylindrical helix. 

11. Find the parametric equations for the cylindrical helix whose intrinsic 
eciuations are p = s, r = s. 

12 ('alculah* p and t for the curve 

X = ait — sin t) , y = a(l — cos 0 , z = bt . 

13. Discuss tlie curve for which 

p = as , T = bs io,b- consts.) 

7. The local coordinate system. Freciuently in analytic geometry 
a special choice of the coordinate system simplifies the equations of the 
configuration which is being studied. A familiar illustration may be 
found in plane analytic geometry. There the general equation of an 
ellipse has six terms, whereas, when the origin of coordinates is at the 
center of the ellipse and the axes of coordinates coincide with the prin- 
cipal axes of the ellipse, the equation takes a simpler form, containing 
only three terms. This specially chosen coordinate system is said to be 
covariantly connected mth, or covariant to, the ellipse, in the sense that 
the origin and coordinate axes are defined geometrically in terms of the 
ellipse in a way which is invariant under rigid motions in the plane. 
One of the first problems in any analytic geometric investigation of a 
configuration is to discover a covariant coordinate system, i.e., a 
coordinate system which is defined geometrically in terms of the con- 
figuration in a way which is invariant under the group of transforma- 
tions defining the geometry in view, since the introduction of such a 
coordinate system usually simplifies the analysis. 
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We have not hitherto specialized our coordinate system beyond 
prescribing that it is a left-handed orthogonal cartesian system with 
the same unit of distance for all three axes. We now propose to choose 
a new coordinate system that will be covariantly connected with the 
point P and the curve C under consideration, so that we may expect 
to enjoy corresponding analytic simplifications. More specifically, let 




Fig. 4 

us take the new x-axis along the tangent, the new y-axis along the 
principal normal, and the new z-axis along the binormal of C at P, 
positive senses on coinciding lines being the same, the unit of distance 
remaining the same as before, and C being supposed to be not a 
straight line. The new coordinate system will be called the local coordi- 
nate system at the point P of the curve C. From the equation (see Ex. 6 of 
Sec. 4) 

a /3 7 

I m n = 1 , 

X /i *' 
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it follows that (he local cmrdinode system has the same orientalion as the 
original coordinate system, and therefore is left-handed. The truth of 
this assertion, and also that of the next statement below, will be as- 
sumed as well known, since transformation of coordinates is thorough- 
ly discussed in any standard text on three-dimensional analytic geom- 
etry* (see Fig. 4). 

The equations of transformation between the unspecialized (or old) co- 
ordinates X, Y, Z of a point Q and the local coordinates {, v, of Q re- 
ferred to the local coordinate system at a point P, with the old coordinates 
X, y, z, of a curve C are 


I A' — a: = + Xf , 

(7-1) j F - t/ = -H mn + M? , 

[z — z = + nr) + . 

Solution of these equations for f, ij, f results in an equivalent set 
of equations. 


(7-2) 


^ = a(A' -x)+ p(Y -y)+ y(Z - z) , 
^ r, = l(X - i) -f- m(Y -y)-\- niZ - z ) , 
.r = X(A - x) -h u(Y -y) + v(Z - z ) . 


Both sets of equations can be read off very conveniently from the ac' 
eompanying table. 


(7-3) 



A' - X 

Y-y 

Z - z 


a 


7 


1 

m 

n 


X 

M ' 

V 


The following theorem about transformation of direction cosines 
will be found useful in Chapter II. 

Theorem 1. If A, B, C are the direction cosines of a line referred to 
the unspecialized coordinate system, and if a, b, c are the direction cosines 

* Snyder and Sisam, Analytic OeamHry of Space (New York: Henry Holt & 
Co., 1914), p. 39. 



30 


METRIC DIFFERENTIAL GEOMETRY 


of the same line referred to the local coordinate system at a point P of a 
curve C, then the equations of transformation between these cosines can 
he obtained from equations (7-1) above by writing A, B, C in place of 
X — X, Y — y, Z — z, and a, b, c in plaxe of jj, f • 

To prove this theorem let Pi, Pz be two points on the line under 
consideration, and denote the coordinates of these points in both sys- 
tems by subscripts 1 and 2, respectively. Write equations (7 1) for 
the point Pi, and then for the point Pz, and subtract, to obtain 


(7-4) 


Xz — Xi = o{^2 — $i) - 1 - /(r>2 — 1?l) + X(f2 — fl) , 

' Yz — Y\ = P(^z — ^i) + m{riz — >ji) + /t(f2 — fi) , 

.Z2 — Zi = 7(^2 — ^i) + n{r]z — iji) + •'(fz ~ fi) . 


It is easy to verify, and besides is geometrioally obvious, since the 
length of a line segment is preserved by rigid motion, that 


/ [(^Y2 - x,y -b (F 2 - YxY -b (Z 2 - Zi)^]'« 

I = Kfi “ + (’?2 — viY + (fz — 

Dividing the left member of each of equations (7 4) by the left mem- 
ber of (7 '5), and similarly for the right members, and remembering 
the definition of the direction cosines of a line, we obtain 


(7-6) 


A = aa A" lb "b Xc , 
• B = fia -Y mb yc , 
. C — ya "b nb -b rc , 


thus completing the demonstration. 

In the local coordinate system the power scries expansions (4 2) 
for the parametric equations of a curve take an especially simple form. 
As many terms of the simplified expansions as desired can be calcu- 
lated in the following way. In equations (4 2) replace x', y', z' by 
o, jS, 7 , respectively, according to (4 -5), Then replace x", y", z” by 
1/p, m/p, n/p, according to (4 18). To calculate similar expressions 
for X.", y'", z'", differentiate equations (4 18) to obtain 

(7 7) r = pV'-bpi'", m' = p'y" + py"' , n' = p'z" -\- pz'" 



57 ) 


CURVES 


31 


and then make use of the Frenet formulas (6 1); the required ex- 
pressions are 



Expressions for the fourth and higher derivatives of the coordinates 
can similarly be calculated, by repeated differentiation and use of the 
Frenet formulas. Substituting these derivatives in equations (4-2), 
and writing s in place of As, as we have a right to do if we suppose that 
the arc length s is measured from the point P under consideration, we 
obtain 


(7 9) 


ii = a: + {o -}- + fX , 

J/i = y + 1/3 + + i-M , 

2i = 2 + "f f** » 


where jj, f are the following power series. 



Comparison of equations (7 9) with (7 1) shows that $, i?, f are the 
local coordinates of the point Pt near the point P which is the origin 
of the local coordinates. So the following conclusion can be drawn. 

Theorem 2. Eqnaiions (7 - 10) are the parametric equations of a curve 
C in the local coordinate system cU an ordinary poirU P of C, the parameter 
being the arc length s measured from the point P. 
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EXERCISES 

1. The components cot, “f of rotation of the local trihedron about the 
^axis, i;-axis, and f-axis, respectively (sec Ex. 5 of Sec. 6), are given by 


1 


cot = - 


t' 


CO, = 0, 



2. Prove that the equations of a circle in a general position can be written 
in the form 


(7 11) 


’ X = r(ai cos f + oj sin 0 + ^ > 
1 y = r(bi cos < + 62 sin 0 + , 
z = r(ci cos i + C2 sin <) + 1 1 


in which r is the radius, and (A, k, 1) the center, while the rt‘maining constants 
satisfy the conditions 

o? + M + c 1 = 1 , *2 + + c| = 1 , 0102 + bibt + C 1 C 2 = 0 . 


3. Differentiate equations (7-8), and use the results in proving that x, y, 
and z satisfy the differential equation of spare curves, 



8. The osculating sphere and the osculating circle. Just as the 
tangent (or osculating) line at a point of a curve is determined by two 
consecutive points, and the osculating plane by three, so the osculating 
sphere is determined by four consecutive points. 

Definition 1. The osculating sphere at a point P of a curve V, not a 
plane curve, is the limit of the sphere through P and three neighboring 
points Pi, Pi, Pi on C, as each of Pi, Pi, Pi independently approaches 
P along C. 

The local equation of the osculating sphere can be found by writing 
the most general equation of a sphere in local coordinates v, f and 
then demanding that this equation be satisfied by the power series 
(7 • 10) for {, ij, f identically in s as far as the terms of the third degree. 
The resulting equation, after the squares are completed on v and f , is 


(81) 


+ (y - py + (f + tpt = p* + (rpy . 
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The center of this sphere evidently has the local coordinates 0, p, — rp', 
and the square of its radius R is given by the formula 

(8-2) fi* = p*+(rpO». 

Equations (7 1) yield the following formulas for the unspecialized co- 
ordinates Xft, Yo, Zo of the center Po of the osculating sphere, 

(8 3) I ~ ^ > To = y + pw — rpV 1 

[ Zo = 2 + pn - rp'v . 


The osculating circle at a point P of a curve is naturally the circle 
that intersects the curve in three consecutive points at P. 

Dkfinition 2, The osculating circle at a point P of a curve C is the 
limit of the cirele through P and two imghboring points Pj, Pt on C and 
not colhnear with P, as each of Pi, Pz independently approaches P 
along C. 

The calculation of the local equations of the osculating circle will 
be much simplified by observing that this circle must lie in the oscu- 
lating plane, f = 0. Then, writing the most general equation of a 
circle in the osculating plane, in local coordinate's f, »j, and demanding 
that this equation be satisfied by the power series (7 10) for n 
identically in s as far as the terms of the second degree, we find the 
local equations of the osculating circle, 

(84) f = o, py = P^. 

The next two theorems are immediate consequences of the foregoing 
discussion. 

Theorem 1. At a point of a curt>e, the osculating plane intersects the 
osculating sphere in the osculating circle. 

Theorem 2. The radius p of the osculating circle at a point P of a 
curve C is the reciprocal of the curvature of C at P. 

The center (0, p, 0) of the osculating circle is sometimes called the 
center of curvature, and the radius p of the osculating circle is some- 
times called the radius of curvature, at a point of a curve. Associated 
with each point of a curve there is a noteworthy covariant line called 
the polar line, which is defined as follows: 

Definition 3. The polar line associated with a point Pofa curve C is 
the line through the center of the osculating circle perpendicular to the 
osculating plane of C at P. 
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The local equations of the polar line arc evidently 

(8-6) i = 0, 1? = P- 

The unspecialized parametric equations of the same line are 

(8 ■ 6) X — X pi 1\ , F = y + pm tp , Z = z pn tv , 

in which t is a parameter. Comparison of equations (8 3) and (8 6) 
yields the following theorem (see also Ex. 1). 

Theorem 3. The center of the osculating spkeie at a point P of a curve 
C lies on the polar line of C associated with P and is situated at the dis- 
tance I rp' I from the center of the osculating circle, on the positive side of 
the osculating plane if rp' is negative, and on the negative side if rp' is 
positive. 

Just as a curve which lies entirely in a plane is called a plane curve, 
so a curve drawn entindy on a sphere is called a spherical curve. Of 
course, a circle can be a spherical curve, since there is a one-parameter 
family of spheres that contain a given circle. Moreover, no other curve 
than a circle can be at the same time a spherical curve and a plane 
curve. 

Spherical curves that are not plane curves will now be investigated. 
For the purpose of stating a theorem let a function S be defined by 
placing 

(8 7) .S’ = ^ -F irpy . 

Theorem 4. A necessary and sufficient condition that a curve C, not a 
plane curve, be a spherical curve is S = 0. 

To prove this let us diflferentiate equations (8 2) and (8 3) with 
respect to the arc length s of the curve C. The derived equations are 
reducible to 

(8-8) xi = -S\, y; = -Rp, K = -.S’,., RW = Srp' 

A curve, not a plane curve, is evidently a spherical curve if, and only if, 
the osculating sphere at a point of the curve n^mains fixed when the 
point moves along the curve. In this case the center and radius arc 
fixed, that is, Xg = 0, FJ = 0, ZJ = 0, R' = 0. Inspection of equa- 
tions (8 8) now makes the truth of Theorem 4 evident. Moreover, the 
last of equations (8*8) contains the following theorem. 
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Theorem 5. A necessary and sufficient condition thai the radius of the 
osculating sphere of a curve, not a plane curve, be constant is that the 
curvature of the curve be constant or else that the curve be spherical. 

If a curve C is not plane and is not spherical, then, as a point P 
moves along C, the center Po of the osculating sphere of C at P also 
moves along a curve C’o. The relations of these two curves are very 
int(‘resting. For instance, the first three of equations (8 8) show that 
the tangent of Co Rt Po is parallel to the binomial of C at P. But the 
center Po of the osculating sphere lies on the polar line, by Theorem 3, 
and this line is parallel to the binormal. So the following conclusion 
can be drawn. 

Theorem 6. The polar line corresponding to a point P of a nonplane 
noils pherical curve C is tangent to the locus Co of the centers of the osculat- 
ing spheres of C, at the center Po of the osculating sphere of C at P. 

Moreovi'r, squaring and adding the first three of equations (8 8), 
and denoting by so arc length of the curve Co, we find 

(8 9) dsi = . 

Making the convention that the arc So shall be an increasing function 
of the arc s, we obtain 

dso = i Sds , 

the positive sign being taken when S > 0 and the negative wlum 

5 < 0. Further results in this connection may be found in Pvxercise 

6 below. 


EXERCISES 

1. The centers of the double infinity of twoqioint spheres lie in the nornial 
plane, $ = 0. The centers of the single infinity of three-point .spheres lie on 
the polar line, { = 0, r; = p. 

2. Derive the formulas (8 o) for the nonspecialized coordinates of the 
center of the osculating sphere without using local coordinates. 

3. At a point of a curve, the centers of all two-jHiint circles that are located 
in the osculating plane lie on the principal nornial; the centers of all two-ixiint 
circles lie in the normal plane. 

4. At a point of a curve, all three-point spheres contain the osculating 
circle. 

5. Calculate the equations of the osculating circle without using local co- 
ordinates. 
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6. If S > 0, indicate by subscripts o quantities belonging to the locus Co of 
the centers of the osculating spheres of a curve and establish the following 
formulas, 

— X , ^0 = — M , 7o = — , 

±TiS, Tq = pS f 
T I , = T w , 71q — T 71 J 

+ a , /uo = TjS, = +7 , 

in which the upper signs are to be taken if r > 0, and the lower signs if 
T < 0. If S < 0, the signs of ao, /3o, 7o and of io, Wo, no are to be changed, 
and then the upi)er signs are to be tak(‘n if r < 0, and the lower signs if 
T > 0. Observe in both cases that tq has the same sign as jS, and that 

( ppo )^ = (tto)* . 

7. The osculating plane at a point Po of the locus Co of the centers of the 
osculating spheres of a curv(‘ C is the normal plane at the eorresiMinding 
point P of the curve* C\ 

8. If a curve has constant curvature, the center of the* osculating sphere 
coincides with the center of the osculating circh*; the radius of the* osculating 
sphere is constant; the curvatun* of the locus of the cent(*rs of the osculating 
spheres is constant and the same as the curvature of the first curve; the prod- 
uct of the torsions of the two curves is ecpial to the square of the common 
curvature; the two curves have the same iirincipal normals; and each of the 
two curves is the locus of the centers of curvature of the oth(*r. 

9. As a point P moves along a curve C, the tangent to the locus of the* 
center of the osculating circle of C at P makes the same angle with the radius 
of the circle to P (principal normal of C) that the tangent of the locus of th(' 
center of the osculating sphere (polar line of (/) makes with the ra(lius of the 
sjrfiere to P. 

10. Calculate p and t for the curve repres(»nted by the eiiuations 

X = anint cos t , 2/ = a cos* f , z = a sin I (a = const.) , 

in which t is the parameter, and prove that this curve; is spherical. 

11. For the circular helix calculate the din^ction cosines of the tangent, 
principal normal, and binormal; write the eeiuations of the osculating plane, 
normal plane, and rectifying plane and also of the osculating spluTc and oscu- 
lating circle; write the parametric equations of the locus of the center of the 
osculating sphere; calculate p and r. 
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12. For the cubical parabola compute the oamc things as asked for in 
Exercise 11. 

13. Show that local t>aratnctric equations of the osculating circle are 

^ = p sin ^ , ij = p (l - cos , f =0 , 

where t is arc length on the osculating circle. Then show that unspecialized 
parametric equations of the osculating circle are 

X = r + p j"® sin ^ i ^1 

= 1/ + P l^jS sin ^ -t- Mi^l 

^ = : + p 1^7 sin ^ « ^1 

14. Reversing the positive sense on a curve reverses the positive sense on 
the tangent and binomial but leaves the positive sense on the principal nor- 
mal always directed toward the center of curvature. 

9. Shape of a curve. Much information about the shape of a curve 
C in the neighborhood of one of its points P could be acquired by 
studying the orthogonal proj«‘ctions of C onto tlie three faces of the 
local trihedron at P. Th(‘ local equations of these projections would 
be obtained by eliminating s between equations (7 10) taken in pairs. 
However, the shape of the curve can be determined with sufficient 
accuracy for most purposes by studying only certain approximations 
to these projections, which can be investigated with very simple anal- 
ysis, as follows: 

In the equations (7 10) of a curve C, referred to the local trihedron 
at an ordinary point P of C, let all terms after the first in the right 
members be dropped. The resulting equations, 

(91) f = 3, 

represent a cubical parabola which has approximately the shape of the 
curve C in the neighborhood of the point P. Of course, the smaller the 
neighborhood of P is, the closer will be the approximation to C. 
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If s is eliminated from the first two of equations (9-1), and if the 
result is interpreted in the {ij-plane, the equation of an ordinary 
parabola, 

(92) 2pr, = e, 

is obtained. This parabola is approximately the orthogonal projection 
of the curve C onto the osculating plane, f = 0, at the point P. In 
Figure 5(a) the projection of the curve C onto its osculating plane is 
seen from a point on the positive half of the binormal. The first of 
equations (9 1) shows how $ changes when a variable point moves, in 




W (c) 

Fia. 5 

the direction of increasing arc length s, over the portion of the curve C 
in a small neighborhood of the point P. The second of (9 1) similarly 
describes the behavior of ij. Thus the following conclusion is justified. 

Theorem 1. When a variable point Pi runs along a curve in the posi- 
tive direction through a fixed point P, the point Pi passes through the 
normal plane at P from the negative to the positive side, remaining on the 
positive side of the rectifying plane. 

If s is eliminated from the last two of equations (9 • 1), and if the 
result is interpreted in the jjf-plane, the equation of a semicubical 
parabola, 

(9-3) 2p„» = 9r*f*, 

results. This curve is approximately the orthogonal projection of the 
curve C onto the normal plane, f = 0, at P. In Figure 5(6) the pro- 
jection of the curve C onto its normal plane is seen from a point on the 
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negative half of the tangent. The third of equations (9 • 1) shows that 
f behaves in two different ways according as the torsion 1 jr is positive 
or negative at the point P. These two cases are distinguished as fol- 
lows: 

Theorem 2. With the hypothesis of Theorem 1, the point Pi passes 
through the osculating plane from the positive to the negative side if the 
torsion is positive, and from the negative to the positive side if the torsion 
is negative. 

Eliminating s between the first and third of equations (9 • 1), and 
interpreting the result in the f^-plane, we get the equation of a cubical 
parabola, 

(9-4) 6pTf=-^*, 

which is approximately the orthogonal projection of the curve C onto 
the rectifying plane, = 0, at P. In Figure 5(c) the projection of the 
curve onto the rectifying plane is seen from a point on the positive half 
of the principal normal. There are again two cases to be distinguished 
according as the torsion is positive or negative at P. When the torsion 
is positive, the projection lies in the second and fourth quadrants and 
is generated downward; when the torsion is negative, the projection 
lies in the first and third quadrants and is generated upward. 

In the foregoing investigation it was supposed that the point P was 
an ordinary point on the curve C, i.e., a point at which the curve has 
no special property. If the curve C has a special property at a point P, 
which it docs not have at every one of its points, then this point P 
may be called an exceptional point of the curve. There are three kinds 
of exceptional points which deserve mention here. First of all, when 
a curve C is represented by parametric equations of the form (2 • 1), if 
the curve docs not reduce to a fixed point, then x', y', z' arc not identi- 
cally zero in the parameter t. However, it may happen that these 
derivatives all vanish for one or more isolated values of t, although 
they do not vanish identically. A point where this vanishing occurs is 
called, as we have already seen, a singular point. At a singular point 
the curve is, so to speak, temporarily like a fixed point. A variable 
point running along the curve stops when it comes to such a point 
and ordinarily reverses the direction of its motion. For this reason 
such a point is called a stationary point and is ordinarily a cusp. At a 
stationary point the tangent line is indeterminate when defined to be a 
line intersecting the curve in two coincident points at the point of 
tangency. 
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Secondly, it may happen that a:", y", 2 " vanish identically in t. If 
so, the curve C is a straight line and its curvature is idc'iitically zero. 
However, it may happen that the curvature vanishes for one or more 
isolated values of although it does not vanish identically. At a point 
where this occurs the curve is temporarily like a straight line. The 
tangent line stops its rotation instantaneously, and ordinarily reverses 
the direction of its rotation, when its contact point passes through 
such a point in running along the curve (\ For this reason, at such an 
exceptional point the tangent is said to be stattonarijf and the point is 
ordinarily an inflexion point. At an exceptional point of this kind the 
tangent line contains at least three consecutive points of the curve, aiul the 
osculating plane is indeterminate. 

Finally, if equation (2 10) is satisfied identically in t, the curve C 
is a plane curve. If, however, this equation is satisfied by isolat('d 
values of t but is not satisfied identically, the points corresponding to 
these isolated values of t are exceptional points at which the curve is 
temporarily like a plane curve. At such a point the osculating plane is 
said to be stationary, because, when its point of osculation runs along 
the curve and passes through such a point, th(» osculating plane ceases 
its rotation instantaneously and ordinarily reverses the direction of tlie 
rotation. At an exceptional point of this kind the curve has at least four 
consecutive points in its osculating plane. 

It is evident that a point of a curve is either stationary or not; the 
tangent line is either stationary there or not ; and the os(*ulating plane 
is either stationary there or not. So, from this point of view, there are 
in all eight possibilities as to the shape of the curve in the neighbor- 
hood of the point. We have described the shape of the curve in the 
ordinary case, i.e., the case in which neither point nor line nor plane 
is stationary. The discussion of the shape of the curve in the other 
seven cases is left to the reader. 



CHAPTER II 


THE MOVING TRIHEDRON 

1. Preliminaiy discussion. The method employed in this chapter 
for developing tin* theory of the moving trihedron is due to Professor 
G. A. Bliss, who presented it from time to time in his lectures on metric 
differential gc'ometry. 

In order to explain what is meant by the moving trihedron in curve 
theory, it is convenient to start with the usual fundamental left-hand- 
ed orthogonal cartesian coordinate system with the same unit of dis- 
tance for all three axes. This system will be referred to in the follow- 
ing discussion as the fixed coordinate system, and the same unit of dis- 
tance will be used throughout. L<*t us consider a n*al proper nonsingu- 
lar aindytic curve C, not a straight line, whose parametric equations 
in the fixefl coordinate system are 

(11) X = x{s) , ?/ = yis) , « = 2 (s) , 

the parameter » being the arc length measured from some fixed point 
to the ordinary point P(x, y, z) on C. 

Further, let us consider any point Q whose coordinates X, Y, Z in 
the fixed coordinate system are given as functions of s by equations 
of the form 

(1 2) X = X(s) , Y = Y(s) , Z = Z(s) . 

If the coordinates A', Y, Z of the point Q are constants, then Q is 
fixed, relative to the fixed coordinate system, when s varies. This case 
will be excluded hereinafter, unless the contrary is indicated. Then, as 
s varies, the point P moves along the curve C and the point Q gen- 
erates a proper curve Ci, represented by the parametric equations 
(1 2). The points of the curves C and Ci are in one-to-one corre- 
spondence, corresponding points P and Q being those that correspond 
to the same value of the parameter s. 

At a point P of the curve C there is the local coordinate ssrstem in- 
troduced in Section 7 of Chapter I. In this coordinate system the 
coordinate axes lie along the three edges of the local trihedron of C 
at P, the {-axis lying along the tangent, the i^-axis along the principal 
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normal, and the f*axis along the binormal. The local coordinates f, 
rj, f of the point Q that corresponds to the point P are related to the 
coordinates A', Z of Q by the equations* (I 7'1), or (I- 7 -2), of 
transformation of coordinates. Therefore the coordinates ij, f arc 
themselves functions of s, and we have 

(1-3) { = {(«), v = vis), f = f(s). 

When the point P moves along the curvt* C, the local trihedron of C 
at P also moves, of course, and hence is appropriately referred to as 
the moving trihedron at the point P of the curve (’. Furthermore, the 
local coordinate system based on the moving trihedron may be desig- 
nated as the moving coordinate system associated with, or at, the point 
P of the curve C. If the local ctmrdinates tf, f of the point Q are 
constants, then Q is fixed relative to the moving trihedron. 

It is frequently of interest to study the properties of the curve Ci, 
and in particular to investigate its relations to the fundamental curve 
C. For this purpose it is usually advantageous to refer Ci to the moving 
coordinate system associated w’ith a variable point of the curve C. The 
theory that thus originates is capable of extensive applications in the 
study of pairs of curves with their points in one-to-one correspondence, 
and especially in the investigation of classes of curves (’i which are 
defined in terms of a given curve C in su»*h a way that the points of the 
curve C and of a curve Ct are in one-to-one correspondence. In a situa- 
tion of this kind, the definition of a curve C’l is usually stated by im- 
posing a relation between various parts of the local trihedrons of C i 
and C which holds at all pairs of corresponding points. It is not sur- 
prising, then, that the general theory of the moving trihedron, which 
will be developed in the next section, has as one of its essential features 
the calculation of the direction cosines of the edges of the local tri- 
hedron at any point Q of the curve Ci, referred to the local coordinate 
system at the corresponding point P of the curve C. 

2. General theory. The general theory of the moving trihedron is 
based on the equations (I • 7 ■ 1) of transformation of point coordinates, 
and the equations (I 7 6) of transformation of direction cosines. 
Equations (I - 7 1) express analytically the relations between the co- 
ordinates X, K, Z of a point Q, referred to the fixed coordinate system, 
and the coordinates $, f of the same point Q referred to the moving 

* Roman numerals are employed in referring to equations in preceding chap- 
ters. For example, the equations (1 *7 ■ 1} are equations (7 • 1) in Chapter I. 
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coordinate system at the corresponding point P(x, y, 2 ) of a curve C. 
Equations (I • 7 - 6) similarly express analytically the relations between 
the direction cosines A, B,C of a. line referred to the fixed coordinate 
system and the direction cosines a, b, c of the same line referred to the 
moving coordinate system. 

First of all, some analytical consequences of equations (17 1) will 
be deduced, and then certain geometrical interpretations will be ex- 
plained. If the equations (I 7 • 1) are differentiated with respect to the 
arc length s of the curve C, the derived equations can be ri'dueed, by 
means of the Frenet formulas (I 6 1), to the form 


(2 1 ) 


= aAi -f- llii -|- XC) , 

’ = fiA I -|- mB\ (jlC 1 , 

- Z' = 'yA \ -f- nBy -f- vC^ , 


in which the coefficients Ai, Bt, C\ are defined by the formulas 

(2-2) + = i + C,= -J + f', 

P p T T 


the accent indicating differentiation with respect to s. Similarly, dif- 
ferentiation of equations (2 1) and reduction by the Frenet formulas 
lead to 


(2 3) 


X" ^ aA^ + Uh -\-\C2, 

' I = fiAn -f- niB^ -f- /if '2 , 
. Z" = yAo + nBo -H v('« , 


wherein the coefficients A 2 , Rj, C 2 arc defined by the formulas 


(2-4) 


A2 = -b A [ , B2 = ‘i-’ -b ^ + B\ , 

P p T ' 

(\ = -t- c [ . 


Repetition of the process gives 


(2 5) 


X'" = aA^ + IBz + ^(\ f 

} , 
. Z'" = 7*43 -f- nBz + vC ^ , 
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where A 3, B 3 , C 3 are defined by 

+ B3 = — + - + B',, 

p P T 

Ca = + C; . 

T 

An easy induction would yield recursion formulas for th(> coefficients 
A„ Bt, Cl obtained by further repetitions of this process, but it will 
not be necessary to calculate any more of these coefficients here. 

Let us make the convention that the arc length .si of the curve (7i, 
mejisun'd from some fixed point thereon, shall be an increasing func- 
tion of the arc length s of the curve C. Squaring and adding equa- 
tions (2 1), and taking the positive square root of the sum in accord- 
ance with this convention, we obtain 

(2 7) ^ = (A"2 + Y'^ -1- Z^2)i/ 2 = (A? -t- -f- Ciy/^ 



The equality of the first and last members of these equations supplies, 
upon taking reciprocals, a formula for the derivative ds/dsi which is 
written as the first of equations (2 8) below, the summation therein 
being for cyclical permutation of A, B, C: 


ds _ 1 

dTx ~ ( 2 : Af )'/2 ’ 

dh _ SA1A2 


The second of these equations is obtained by differentiating the first 
by the ordinary rules of the calculus and using the definitions (2 4). 
Similar expressions for higher derivatives of s with respect to si could 
be calculated by continuing this process, but they will not be needed 
hereinafter. 

The first three derivatives of X with respect to Si may be calculated 
by means of the well-known formulas 


(2 9) 


dsi 

ds\ 

ds\ 


= A" 


ds 

dT,’ 


f _ Y" { 4. y 


ds\’ 


= X' 


( 

\dsi) 


ds, ds* ds\ ’ 
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the derivatives of Y, Z being easily written by cyelical permutations 
of X, Y, Z. Tht; equation in the second line of (2 9), and the similar 
equations for Y, Z, can be reduced, by means of (2 1), (2 3), and 
(2 8), to the form 

[^= aL + lM +\N, 


(2 10 ) 


-j = pL + mM + iiN , 


yL + nM + vN , 


in which the coefficients L, M, N are defined by the formulas 


( 2 - 11 ) 


M - B,^ArA^) , 

N = - C^^AuU) , 


the summation being for cyclical permutations of A, B, C. Finally, 
direct calculation gives 

ss-s£-e)v+-«+->i. 


whore the cooffioioiits P, Q, R are defined by placing 


(2 13) 


P = B\Ci — BzCi , Q = CiA^ — C^Ai , 

R = AiBi — AoBi . 


Some of the foregoing formulas have geometrical interpretations. 
First of all, the direction cosines of the tangent line at a point Q of the 
curve Cl, referred to the fixed coordinate system, are 

dX ([Y dZ 

dsi ’ dsi ’ dsi ’ 
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If each of equations (2 1) is multiplied through by ds/dsi, the left 
members of the resulting equations are shown, by the equations in 
the first line of (2 9), to be exactly these direction cosines. The equa- 
tions (1-7 6) of transformation of direction cosines can now be em- 
ployed to complete the proof of the following theorem. 

Theorem 1. The direction cosines of the tangent line at a point Q of 
the curve Ci, referred to the mooing coordinate system associated with the 
corresponding point F of the curve C, are respectively proportional to the 
functions Ai, Bi, Ci and are equal to 


A 




C, 


ds 

ds\ 


The curvature 1/pi at the point Q of the curve Ci is expressed in 
terms of derivatives of the coordinates of Q by the familiar formula 



If the expressions found for the second derivatives in equations (2 10) 
are substituted in this formula, simple calculations suffice to demon- 
strate the following theorem. 

Theorem 2. The curvature \/ pioia point Q of a curve Ci is given by 
the formula 

(2 15) - = (L* -f AP -}- iV*)'/^ 

Pi 

The direction cosines of the principal normal at a point Q of the curve 
Cl, referred to the fixed coordinate system, are 

dPX d^Y d^Z 

ds\ ’ ds\ ’ ds\ • 

If each of equations (2*10) is multiplied through by pi, and if proper 
accoimt is taken again of the equations (1-7-6) for the transformation 
of direction cosines, the following theorem is easily proved. 

Theorem 3. The direction cosines of the principal normal at a point 
Q of the curve Ci, referred to the moving coordinate system associated with 
the corresponding point P of the curve C, are respectively proportional to 
the functions L, M, N and are equal to 
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The first direction cosine of the Mnormal at a point Q of the curve C'l, 
referred to the fixed coordinate system, is 

\dsi dsl dsl dsij ’ 

and t he other two direction cosines can be written by circular permu- 
tations of X, Y,Z. Equations (2 • 12) and the equations of transforma- 
tion (I 7 6) can be used to prove the following theorem, 

Theokem 4. The direction cosines of the bmormal at a point Q of the 
curve Cl, referred to the moving coordinate system associated with the cor- 
responding point P of the curve C, are respectively proportional to the 
functions P, Q, R and are equal to 



It may be remarked, in passing, that if X<'), }’<'), are thought 
of as the components of a vector along the three fixed axes, then A„ 
r, (j = 1, 2, . . .) are the components of the same vector along the 
moving axes, as is shown by equations (2 1), (2 3), (2 5), and so on. 

The general theory developed up to this point in the present chap- 
ter will be applied in various special situations in the remaining sec- 
tions of the chapter. 


EXERCISES 

1 . Establish the forniuln 


(2 Ifi) 


i = + (P ¥ K- 

p] (.4? + • 


2. Prove that the torsion 1 /ti at a point Q of a curve Ti is given by the 
formula 


(2 17) 


Tl 


1 

P^ + Q^ + 


* 4 , Bi Cl 

Bi Ci 
A, Bi Cl 


3. Prove by (2 1) and (2 2) that the local coordinates f, r;, f of a point Q 
which is fixed, relative to the fixed coordinate system, satisfy the differential 
equations 

(2 18 ) + v = r = 
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4. Differentiate equations (I 7 6) and use the result to prove that the 
local direction cosines a, 6, c of a line which is fixed, relative to the fixed co- 
ordinate system, satisfy the differential equations 



5. Find the differential equations which the local coordinates f, rj, f of a 
point Q must satisfy if the curve Ti generated by Q is a straight line. 

6. Solve the problem of Exercise 5 if Ti Ls restricted only to be a jilane 
curve. 

3. Involutes. As a first application of the method of the moving 
trihedron, we shall study the involutes of a given curve. These are 
defined in the following way. 

Definition 1. An involute of a curve C is a curve that intersects the 
tangents of C at right angles. 

In other words, an involute of a curve is an orthogonal trajectory of 
the tangents of the curve. In order to find all the involutes of a given 
curve C, let us consider a point P(x, y, z) on C’, and a point Q on the 
tangent of C! at P, which generates an involute C j of C. The local co- 
ordinates It, f of Q, and the direction numbers Ai, Bi, Cr of the 
tangent to the involute Ci at Q, satisfy the conditions 

(3 1) 1? = f = 0, = 0, 

which are merely an analytic form of the definition of the involute Ci. 
Equations (3 1) and (2 2) imply 

(3 2) 0 = 1 4- = p ’ Cl = 0 . 

Integration of the first of these equations leads to 
(3 3) ^ — c s , 

where c is an arbitrary constant. This equation validates the follow- 
ing statement. 

Theorem 1. A given curve has a one-parameter family of involutes. 
The involutes of a curve cover the surface which is the locus of the 
tangents of the curve (later on called the tangent developable of the 
curve). In the moving coordinate system the coordinates »?, f of 
the point Q generating a general involute Ci are given by 

(3 4) 


€ = c - s , 


r; = 0 , 


f = 0. 
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The parametric equations of an involute in the fixed coordinate system 
are easily found, by the equations (I - T-l) of transformation, to be 

(3 5) -X" = a: + a(c - s) , Y = y + fi{c - s) , 

Z = z + y(c — s) . 

The last of equations (3 '2) has the following interpretation. 

TfiEOREM 2. The tangent at a point of an involute of a curve C is per- 
pendicular to the binormal at the corresponding point of C. 

The next theorem is a consequence of the conditions .4i = 0, 

Cl = 0. 

Theorem 3. The tangent at a point of an involute of a curve C is per- 
pendicular to the rectifying plane at the corresponding point of C. 

It is obvious that one could calculate for an involute Ci all the func- 
tions introduced in the preceding section for a general curve Ci. On 
this basis an extensive theory of involutes could be constructed. How- 
ever, the discussion will be restricted, for the present, to a considera- 
tion of two further properties of involutes, called, respectively, the 
parallelism property and the string property. The reason for the name 
parallelism property is made evident by the following theorem. 

Theorem 4. The distance between two involutes of a curve C, meas- 
ured along the tangents of C, is constant; and the tangents of the two in- 
volutes at points on each tangent of C are parallel. 

To prove this theorem, let us consider two involutes individualized 
by assigning two particular values Ci, C 2 to the constant c, and let the 
corresponding coordinates ^ be denoted by fi, { 2 . For these two in- 
volutes equation (3 3) gives 

~ Cl s f = C 2 ~ s , 

If the value of s is the same in both equations, subtraction leads to 
(3 6) is ~ {1 = C 2 — Cl . 

This equation asserts the first part of the theorem. The second part is 
proved by observing that the tangents of the involutes are perpendicu- 
lar to the same rectifying plane, by Theorem 3, and therefore are 
parallel lines. 

The string property is incorporated in the following theorem, which 
is merely an interpretation of equation (3 3). 

Theorem 5. If one end of a string of constant length c is fastened at 
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the point where s = 0 on a curve C, and if the string is held taut and 
wound along C so as to remain tangerU to C, the locus of the other end of 
the string is an involute of C. 


EXERCISES 

1 Deduce equations (3 5) without using the theory of the moving tri- 
hedron. 

2. Find the involutes of the circular helix (I 2 6), and prove that these 
involutes are all plane curves whose planes are perpendicular to the generators 
of the circular cylinder on which the helix lies. Prove that these involutes are 
also involutes of the circles cut on the cylinder by the planes in which they lie. 

4. Evolutes. Another family of curves, associated with a given 
curve and amenable to investigation by the method of the moving 
trihedron, consists of the evolutes of the curve, which are defined as 
follows: 

Definition 1. An evolute of a curve C is a curve whose tangents 
irUersect C orthogonally. 

An immediate consequence of the definitions of involute and evolute 
may be stated as follows : 

Theorem 1. When one curve is an involute of another curve, then the 
second curve is an evolute of the first. 



In order to find all the evolutes of a given curve C, let us consider a 
point P on C, and a point Q which generates an evolute Ci of C, as 
in Figure 6. It is understood that Q corresponds to P in the sense that 
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the tangent to the evolute Ci at Q passes through P perpendicular to 
the tangent of C at P. Therefore the point Q lies in the normal plane 
of C at P. Furthermore, the local coordinates rj, f of the point Q 
and the direction numbers ili, Bi, Ci of the tangent to the evolute Ci 
at Q, referred to the moving coordinate system of C at P, satisfy the 
necessary and sufficient conditions 

(4 1) { = 0 , Ai = 0 , Bi = krj , Cl = fcf , 

where A; is a nonvanishing proportionality factor whose value is im- 
material. The first two of these conditions and the definition of A i 
in (2 2) imply 

(4-2) , = p. 


This result can be interpreted as follows: 

Theorem 2. The point Q generating an evolute of a curve C, and 
corresponding to a point P of C, lies on the polar line associated with the 
point P of the curve C. 

The last two of the conditions (4 1) and the last two of the defini- 
tions (2 *2), in the presence of (4-2), imply 


(4-3) 


Pi' -tp' ^ I 
+ f* T ■ 


Let a function u be defined by placing 


(4-4) 



where So is an arbitrarily chosen fixed value of s. Integration of the 
differential equation (4 -3) now gives 


(4-5) tan-» ^ = ( 0 -I- c , 

where c is an arbitrary constant. This equation confirms the follow- 
ing assertion. 

Theorem 3. A given curve has a one-parameter family of evolutes. 
The evolutes of a curve cover the surface which is the locus of the 
polar lines of the curve (later on called the polar developable of the 
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curve). In the moving coordinate system the coordinates -q, f of 
the point Q generating a general evolute C\ are given by 

(4-6) $ = 0 , 1 = p, f = p tan (co + c) . 


Equations (I -7-1) now yield the parametric equations of an evolute in 
the fixed coordinate system, 


(4-7) 


X = X p[l -f" X tan (w *)■ c )] , 

' V = y + plm + p tan (a + c)] , 

. Z" = 2 -|- p[n -|- V tan (u -|- c)] . 


As in the case of involutes, a very extensive theory could be de- 
veloped by computing for an evolute Ci the various functions intro- 
duced in Section 2 for a general curve Ci. However, the discussion 
will be confined, for the present, to establishing one more property of 
evolutes, called the rotation property and put in evidence by the follow- 
ing theorem. 

Theorem 4. If each tangent of an evolute of a curve C is rotated through 
the same angle about the point P in which it meets C, remaining in the 
normal plane of C at P, then in their new positions these lines (originally 
tangents of an evolute) are still tangents of an evolute of C. 

The proof is very simple. Let two evolutes of a curve C be indi- 
vidualized by assigning two particular values Ci, C 2 to the constant r. 
The angle between the two tangents of these evolutes that pass 
through a point P of C is shown to be constant, as P moves along C, 
by the equation 

(w + C 2 ) — (w + Cl) = C 2 — Cl = const. 


EXERCISES 

1. Calculate the element of arc ds\ of a general evolute of a curve, and by 
integration prove that 

i*! = p sec ( «+ c) + A , 
where A is an arbitrary constant. 

2. A necessary and sufficient condition that a curve be a plane curve is 
w = const. 

3. The one of the evolutes of a plane curve which is characterized by the 
condition c = — w lies in the plane of the curve and is the locus of the centers 
of the osculating circles of the curve. Conversely, if the locus of the centers 
of the osculating circles of a curve C is an evolute of C, then C is a plane curve. 
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4. The evolutes of a plane curve C are the cylindrical helices on the cylinder 
which is the locus of the straight lines drawn perpendicular to the plane of C 
at the centers of the osculating circles of C. 

5. Prove that the normal plane at a point of a curve is the rectifying plane 
at the corresponding point of an evolute Ci of the curve, by showing that 
P = 0 for the evolute Ci. 

6. Parallel curves. Parallel curves are defined as follows: 
Definition 1. Two curves are parallel in case it is possible to set up 

a one-to-one correspondence between their points such that corresponding 
points are equally distant and the tangents at corresponding paints are 
parallel. 

Two involutes of a curve C are parallel curves, for which corre- 
sponding points are on a tangent of C. A curve may be said to be 
parallel to itself, the distance between corresponding points being zero 
in this case. 

All curves parallel to a given curve C, which is not a straight line 
and is not a plane curve, will now be determined. For this purpose let 
us consider a point P on the curve C and the corresponding point Q 
which generates a curve Ci parallel to C. Let y, f denote, as usual, 
the local coordinates of Q, referred to the local coordinate system of C 
at P, The two hypotheses that the distance PQ is constant and that 
the tangent of Ci at Q is parallel to the tangent of C at P, or, what is 
the same thing, is perpendicular to the principal normal and binormal 
of C at P, are eixpressed analytically by the equations 

(51) + = c*, Bi = 0, Ci = 0 (c = const.). 

After the first of these equations is differentiated, and the formulas 
for Bi, Cl arc substituted in the other two from the definitions (2 2), 
we obtain 

(5-2) ${' + W + ff' = 0, = 

The result of eliminating and from these equations is 
(5-3) = 

There are three cases to be considered according as both factors 
vanish, or ^ 0, or — ri/p ^ 0. 
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In the first case the conditions { = 0, — i\l p = 0 lead at once 

to { = 0, jj = 0, f = 0. Therefore the curve Ci parallel to the curve 
Q coincides with C in this case. 

The second case is characterized by the conditions ^ 0, — 

rj/p = 0. Consequently, the solution of the problem is made to de- 
pend on the integration of the system of differential equations 



the only solutions of interest in this connection being those that 
satisfy the conditions 


(5 5) 5 7 «^ 0 , -f- ij* -h = c* (c = const. 0) . 

The Frenet formulas (16 1) tell us that three sets of solutions of 
these equations are y, n, v. Therefore, the most g(>neral 

set of solutions ri, f is given by 


(5 6) 


{ = Cio -f- Ctp -|- CsY , 

V = c\l + cm + csn , 

f = CiX -f- cjM -|- C31' , 


where Ci, C 2 , c* are arbitrary constants not all zero. These solutions 
satisfy the conditions (5-5). Therefore, equations (5 6) give the co- 
ordinates ij, f, in the moving system, of the point Q generating a 
curve Cl which is parallel to the curve C. The parametric equations 
of the curves parallel to the curve C, in the fixed coordinate system, are 
found by (I • 7 • 1) to be, in this case. 


(5 • 7) X — a; -f- Cl , Y = y C2 , Z = z -{■ C3 . 


Therefore these curves parallel to the curve C are obtainable from C by a 
translation. 

The third case is characterized by the conditions f = 0, — 

ri/p ^ 0. It is evident that 1 ; 0, and so the solution of the prob- 

lem is made to depend on the integration of the system of differential 
equations 


(5 8) 
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the only solutions of interest in this connection being those that satisfy 
the conditions 

(5-9) i = 0 , Ti ^ 0 , + f * = c* (c = const. 0) . 


Elimination of f, and then of ij, from (5 8) by means of the last of 
(5-9) results in 


(5 10) 


drj (is 

(c* - ~ (c* - T ’ 


Integrating these equations for f and re-writing the first of (5 9), 
we have 


(5 11) f = 0, j; = c cos (to + ft) , f = c sin (to + ft) , 


where to is defined by equation (4 -4) and ft is an arbitrary constant. 
Equations (5- 11) give the coordinates rj, f, in the moving coordi- 
nate system, of the point Q generating a curve Ci which is parallel to 
the curve C. The parametric equations of the curves parallel to the curve 
C, in the fixed coordinate system, arc found by (I 7-1) to be, in this 
case, 


(5 12 ) 


’X = a: + c[l cos (to + ft) + X sin (to + ft)] , 

' Y = y c[m cos (to + ft) + sin (to + ft)] , 

. 2 = z + c[n cos (to + ft) + v sin (to -f ft)] • 


These are the curves {distinct from C since c 0) which are parallel to 
C and are not obtainable from C by a translation. Another characteriza- 
tion of them will be based on the following theorem. 

Theorem 1. The orthogonal trajectories of the normal planes of a 
curve C are parallel to €. 

For the purpose of the proof of this theorem, an orthogonal trajec- 
tory of the normal planes of a curve C is described analytically, in the 
notation of the theory of the moving trihedron, by the equations 

(5 13) i = 0 , Ri = 0 , C, = 0 . 

Consequently, the problem of determining all the orthogonal trajec- 
tories of the curve C is reduced by the last two of the formulas (2 -2) 
to the analytic problem of solving the system of equations. 



(5 14) 


{ = 0 , 


V 

T 
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The result of eliminating r from the last two of these equations is 


vv' + = 0 I 


and integration of this equation gives 

I?® + f * = c* (c = const.) . 

If c = 0, then f = 0, v = 0, f = 0. Thus the eurvo C is exhibited as 
an orthogonal trajectory of its own normal planes. If c 0, the prob- 
lem of finding the orthogonal trajectories of the curve C is analytically 
the same as the problem solved in the third case above. So the theo- 
rem is proved. The promised characterization of the curves (5 12) is 
now at hand. 

Theorem 2. The curves represented parametrically by equations 
(5 • 12) are the orthogonal trajectories of the normal planes of the curve C 
{exclusive of the curve C itself). 

The following theorem summarizes the results of the argument in 
this section. 

Theorem 3. The curves parallel to a nonrectilinear nonplane curve C 
are the curves obtainable from C by a translation and the orthogonal tra- 
jectories of the normal planes of C. 

exercises 

1. Determine all curves parallel to a nonrectilinear plane curve, and show 
that the results are essentially those stated in Theorem 3. 

2. Find the parametric equations, in the fixed coordinate system, of all 
curves parallel to the circle 

(5 15) X = r cos ^ , y = r sin ^ , z = k , 

where r, k are constants and s is arc length. 

3. The involutes of the evolutes of a curve C are the orthogonal trajectories 
of the normal planes of C, and hence are parallel to C. 

4. Consider a point Q in the normal plane at a point P of a curve C. When 
P moves along C, demand that the locus Ci of Q shall be such that its osculat- 
ing plane at Q is the normal plane of C at P. Then prove that Ci is the locus 
of the centers of the osculating spheres of C (sometimes called the planar 
evolute of C). 
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5. Prove that the coordinates ij, in the moving coordinate system, of 
the point Q generating on orthogonal trajectory Ci of the osculating planes of 
a curve C (sometimes called a •planar involiUe of C) are 




£ = ^sin <T \ p sin erder — cos a 

1 p cos (rd(T , 

.A 

ho 



ry = — cos (7 1 p sin eder + sin a 

1 p cos <rd(T , 

>0 

ho 

O 

!l 

A-o 



where a is defined by 
(5 17) 


<r = 


X p 


the lower limits oo, ■% being arbitrarily chosen fixed values of a, s. Then prove 
that all these trajectories C have the same planar evolute, namely, the curve 
C itself. 

fi Find all the orthogonal trajectories of the rectifying planes of a curve C. 
Provo that they include th(; involutes of C and that any two of them are 
parallel. 


6. The transfonnation of Combescure. It may be recalled that in 
defining parallel curves two conditions were laid down, one referring 
to constant distance and one to parallel tangents. In this section the 
condition of constant distance is dropped, and a one-to-one corre- 
spondence with the condition of parallel tangents is studied briefly. 

Definition 1, Two curves are said to correspond by a transformation 
of Combescure in ca^e there is a one-to-one correspondence between their 
points such that their tangents at corresponding points are parallel. 

Since any curve parallel to a curve C corresponds to C by a trans- 
formation of Combescure, it is obvious that, when a curve C is given, 
there always exist other curves in the relation of a transformation of 
Combescure to C. A remark perhaps not so obvious is that the trans- 
formation of Combescure is actually more general than the transfor- 
mation by parallelism, in the sense that there exist pairs of curves not 
parallel but related by a transformation of Combescure. The truth 
of this remark is made evident by comparing equations (5 7), or 
(5-12), which involve arbitrary constants at most, with the equations 
in the following theorem, which involve an arbitrary function. 
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Theorem 1. The parametric equations of the most general curve in 
the relation of a transformation of Combescure to a curve C are 

(6-1) X = ra/(s)ds, Y = (*Pfis)ds , Z = rV(s)rfs , 

Jxo J>(, 

in which s is arc length on C, and a, 0, y are the direction cosines of the 
tangent of C, while f{s) is an arbitrary function of s. 

To prove this theorem, let us observe that the pararnc'trie e<iuati(ms 
of the most general curve Ci whose points are in one-to-one eorre- 
spondenee with the points of a giv(*n curve C can be written in the 
form 

(6 2) X = X(s) , 1' = Y{s ) , Z = Zis) , 

the functions in the right members being arbitrary functions of the 
arc length s on C. If arc length on the curve Ci is denoted by «i, the 
direction cosines of the tangent at a point Q of the curve C\ are found, 
by differentiating equations (6 2), to be given by 

dX ^ -vF/ ds dl ^ FT, ds dZ ^ ds 

dsi’ d^i~ dsi’ ds^ ^ d7, • 

The derivative dsi/ds can be found after squaring and adding these 
equations and taking the square root of the sum ; the result is 

(6 4) ^ • 

It is surely true that dsi/ds is arbitrary, since the functions X, T, Z 
are arbitrary. Let us write 

(6-5) 


where /(s) is an arbitrary function of s. The tangent at a point Q of 
the curve Ci is parallel to the tangent at the corresponding point P of 
the curve C if, and only if. 


(6 6 ) 


dsi ’ dsi ’ dsi 
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From equations (6 3), (6 5), and (6 6) one deduces the differential 
equations 

(6 7) dX = a/(s)ds , dY = pf{s)ds , dZ = yf{s)ds , 

integration of which reproduces equations (6 ■ 1) and so completes the 
proof. 


EXERCISES 

1. If two curves correspond by a transformation of Combescure, the prin- 
cipal no’ .nals at corresponding points of the curves are parallel. 

2. If two curves correspond by a transformation of Combescure, the bi- 
normals at corresponding points of the curves are parallel. 

3. If the points of two curves, neither of which is a plane curve, are in 
one-to-one correspondence so that the binormals at corresponding points of 
the curves are parallel, the correspondence is a transformation of Combes- 
cure. 

4. Denoting by 1/pi and 1 /ti the curvature and torsion of any curve (6 • 1) 
in the relation of a transformation of Combescure to a given curve C, prove 
that 



and hence that the ratio of the curvature to the torsion of a curve is invariant 
under a transformation of Combescure. 

7. Bertrand curves. This section is devoted to a brief discussion of 
a special (dass of curves called Bertrand curves, which are defined in 
the following way. 

Definition 1. A Bertrand curve is a curve s\ich that there exists 
another curve with the same principal normals. 

The existence of Bertrand curves is at once evident from the follow- 
ing theorem. 

Theorem 1. Every plane curve is a Bertrand curve. 

To prove this theorem, consider the locus Co of the centers of the 
osculating circles of a plane curve C. The curve C has the tangents of 
Co for principal normals, and the same is true of any other orthogonal 
trajectory Ci of the tangents of Co. Hence, the curves C and Ci have 
the same principal normals. 

Another example of a Bertrand curve is any curve with constant 
curvature (see Chap. I, Sec. 8, Ex. 8). Two curves, C and Ci, with 
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the same principal normals are called associated Bertrand curves. The 
method of the moving trihedron will now be used to prove the follow- 
ing theorem. 

Theorem 2. A necessary and sufficient condition that a curve, not a 
plane curve and not a curve with constant curvature, he a Bertrand curve 
is that the curvature and torsion of the curve satisfy a linear equation of 
the form 

(7 1) = 1 («,!> = consts. 5^ 0) . 

P r 

To prove this theorem, consider a curve C, a point P on C, and a 
point Q with local coordinates q, f. Let Q now be on the principal 
normal of C at P, and, furthermore, let the principal normal at Q of 
the locus Cl of the point Q coincide with the principal normal of C at P, 
or, what is the same thing, let the tangent and binormal of Ci at Q be 
perpendicular to the principal normal of C. The analytic formulation 
of these necessary and sufficient conditions that C and Ci be associated 
Bertrand curves is 

(7-2) 1 = 0, f = 0, R, = 0, Q = 0, 

the function Q being defined in (2 13). Equations (2 2) ar(' equiva- 
lent in this ca.se to 

(7 3) Ai = 1 - ^ , 0 = »?' , = -; • 

The condition Ri = 0 and the definitions of Ai, C 2 in (2 4) imply 
(7 4) A, = A[ , Ci = C; . 

Moreover, the condition Q = 0 is equivalent, by the definition of the 
function Q, to 

(7 5) CiAi - CiAi = 0 . 

Since = 0, it immediately follows that 

(7 -6) tj = o (a = const. 9 ^ 0) . 

Since p is not constant, it follows from the first of equations (7 • 3) that 
Ai 7 ^ 0 ; and since the curve C is not plane, it follows from the third 
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of equations (7-3) that C’l 0. Substituting from (7 4) into (7 5), 
wo obtain 

(7 7) C,A[-C[A, = Q. 

Integrating this equation, we find 

(7 8) Ai = hC\ {h = const. 9 ^ 0) . 

If the expressions for Ai and Ci in equations (7 3) are modified by 
writing a in place of ri, and if these expressions are then substituted 
in equation (7 8), the latter equation becomes precisely equation (7 1) 
with h — —ha. Thus the (;ondition (7 1) is proved to be necessary. 
The sufficiency of this condition is demonstrated by starting with a 
point Q having local coordinates (0, a, 0). The definition of Ri shows 
that Ri = 0. Then the reasoning can be n*versed from equation (7 8) 
to (7 5) to show that Q = 0. 

It will be observed that associatetl Bertrand curves intercept a con- 
stant distance on their common principal normals. In the moving coordi- 
nate system associated with a Bertrand curve C, the coordinates 77, f 
of the point Q generating a Bertrand curve (’1 associated with C are 
given by 

(7 9) $ = 0 > V = d ) s' = 0 (a = const. 9 ^ 0) . 

The parametric equations of the associated Bertrand curve Ci, in the 
fixed coordinate system, are 

(7 10) A' = x + /a , Y = y + ma , Z = z na . 

KXEKCISES 

1. Prove geometrically, and also analytically, that cejuations (7 2) imply 

L = 0, N = 0. 

2. If a curve C is such that there exists another curve with the same bi- 
normals, the curve T is a plane curve, and the two curves intercept a constant 
distance on their common binormals. 

3. If A is the angle between the tangents at corresponding points of a 
Bertrand curve C and an associated Bertrand curve, then the linear relation 
(7 1) can be replaced by 

a sin A a cos A 
P T 


= sin A (o = const. 9 ^ 0) . 
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For a plane curve C we have A = 0, and for a curve C with constant curva- 
ture, A = ir/2. 

4. A circular helix is a Bertrand curve which has infinitely many circular 
helices for associated Bertrand curves. 

5. The product of the torsions at corresponding points of two associated 
Bertrand curves is constant and positive. 

6. The orthogonal trajectories of the principal normals of a circular helix 
are circular helices with the same principal normals. 

7. Two orthogonal trajectories of the principal normals of any curve in- 
tercept a constant distance on the principal normals. The same is true for the 
binormals. 

8. Prove that, if a curve C has the property that the locus of a point on a 
tangent at a constant distance from the contact point P is a straight line, as 
P varies along C, then C is a plane curve and is, in fact, the iractrix. 
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SURFACES 

1. Definition of a surface. A surface can be described as a two- 
parameter family, or double infinity, of points. A surface can also be 
said to be the locus of a point moving with two degrees of freedom. A 
more precise definition of an analytic surface will be formulated pres- 
ently. 

One method of representing a surface analytically consists in first 
establishing the usual left-handed orthogonal cartesian coordinate 
system with the same unit of distance on all three axes and then im- 
posing one condition on a variable point P(x, y, z) by an equation of 
the form 

(1*1) F(x,y,z) = 0. 

Such an equation is called the imphcil equation of the surface repre- 
sented by it. 

CVrtain very simple types of surfaces are already familiar. For ex- 
ample, if the equation (1 1) is linear in the variables x, y, z, the sur- 
face represented by it is a plane, which is the simplest surface of all. 
Perhaps the next simplest surface is the sphere. If the equation (1 •!) 
is of the second degree, the surface represented by it is a quadric sur- 
face, of which the sphere is a special ease. If equation (1 1) is homo- 
geneous in X, y, z, it represents a cone whose vertex is at the origin. 
Finally, if one of the variables is missing from the implicit equation 
of a surface, the surface is a cylinder whose generators are parallel to 
the axis of the missing variable. 

If the implicit equation (1 • 1) be solved for one of the variables as 
a function of the other two, say for 2 as a function of x, y, the result- 
ing equation, 

(1-2) z=f(x,y), 

represents the same surface as before. Such an equation is called the 
explicit equation of the surface represented by it. The explicit equa- 
tion (1 *2) can be exhibited as a special case of the implicit equation 
(1-1) by transposing z to the right member and placing 

Fix, y, z) = /(*, y) - z. 

63 
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Although for some purposes the implicit and explicit equations of 
surfaces are very useful, the definition of a real proper analytic surface 
which will be used in this and succeeding chapters will be based on a 
parametric representation. 

Definition 1. Let the coordinates x, y, z of a point P be given as 
single-valued real-valued analytic fundions of two real independent vari- 
ables u,v on a rectangle T in a uv-plane, by equations of the form 

(1-3) X = x(u, v) , y = y{u, v) , z = z(u, v) . 


Further, let thejacobians of x, y, z with respect to u, v be denoted by Ji,J 2 , 
J 3 | ^0 that 


(1-4) 


Jl — J/»2u , J 2 — Z^Xv ZrXu , 


J3 — ^eyu 


and suppose that not all of J\, J 2 , J 3 vanish identically on the rectangle T. 
Then the locus of the point P, as u, v vary on T, is a real proper analytic 
surface S. 

Equations (1-3) are called parametric equations of the surface S, the 
parameters being the variables u, v. We reserve the right to permit the 
parameters to take on complex values whenever they are properly 
introduced in the sequel. Moreover, one or more of the coordinates 
X, y, z may, under suitable conditions, be allowed to be complex. 

To say that a surface is proper means that it does not reduce to a 
single fixed point and also that it does not reduce to a curve. Both 
of these degenerate cases are ruled out by the hypothesis that the ja- 
cobians Ji{i — 1, 2, 3) do not all vanish identically. For, if the locus 
S were to reduce to a fixed point P, the coordinates x, y,zoiP would 
all be constant, and the jacobians Ji would all vanish identically. 
Furthermore, if the locus S were to reduce to a curve, this curve could 
be represented parametrically by equations of the form (I‘2'l). If 
in these equations the parameter t is set equal to any function of u, v, 
the result is three equations, of the form (1-3), for which the jacobians 
Ji are easily proved, by actual calculation, to vanish identically. Con- 
versely, the identical vanishing of the jacobians Ji would imply that the 
locus of the point P was not a proper surface. For, if the jacobians all 
vanish identically, then the functions x, y, z are three solutions of a 
linear homogeneous partial differential equation of the form 


(1-5) 


a6,n -j- bBv = 0 , 
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in which the coefficients o, h are functions of u, v. The theory of linear 
partial differential equations of the first order tells us how to integrate 
this equation. First form the associated orctinary differential equation 

(1-6) bdu — adv = 0 . 

This equation has an integral 

(1-7) <(m, v) = const. , 

and the most general solution 6 of equation (1 • 5) is given by the for- 
mula 

(1-8) 0 = Fit{u,v)), 

the function F being arbitrary. Consequently the coordinates x, y, z 
are either all constant or are, at most, functions of a single parameter 
t, so that either P is a fixed point or else has for its locus a curve. 

Even if the jacobians Ji, Jz, Jz do not all vanish identically on the 
rectangle T, it may happen that they vanish simultaneously for one 
or more isolated pairs of values of u, v, or perhaps they vanish simul- 
taneously along a curve v = v{u) in T. Any point of a real proper ana- 
lytic surface at which the jacobians Ji, Jz, Jz vanish simultaneously 
is called singular, although the singularity may belong to the para- 
metric representation being used for the surface defined as a point- 
locus, as in the case of the sphere discussed in the next section, or else 
the singularity may belong to the surface itself. Singular points will 
ordinarily be avoided hereinafter. A surface, or portion of a surface, 
which is free of singular points may be called nonsingular. In this 
book the word surface will ordinarily mean a real proper nonsingular 
analytic surface. 

Elimination of u, v from the parametric equations (1 ■ 3) of a surface 
S would lead to the implicit equation (11) of S. Vice versa, if the 
implicit equation (1 • 1) of a surface is given and a parametric repre- 
sentation of the surface is desired, let two of the variables, say x and y, 
be arbitrary functions of two parameters u, v, and then solve (1 • 1) 
for z as a function of u, v. In particular, we might take x = u, y = v. 
Then solution of (11) for z would lead to the explicit equation (1-2) 
of the surface, except that u and v would occur in place of x and y, re- 
spectively. Indeed, the explicit equation (1-2) of a surface, when 
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supplemented by the identities x = x, tj = y, becomes the parametric 
equations 

(1-9) x = x, y = y, 2=/(x, j/) 

of the same surface, the parameters now bein^ the coordinates x, y. 

KXERCISKS 

1. If the parametric e(|uations (I 3) arc linear in «, v, they represent a 
plane. 

2. The equations 

X = 11 + V, y = (m + vy , z = (v + vy 

represent a cubical parabola, and not a prop«'r surface. 

2. Curves on surfaces. In the Brst part of this section the analytic 
representation of curves on surfaces will be explained. One-parameter 
families and nets of curves will be discus.sed, with particular reference 
to parametric curves. In the second part, some examples of the para- 
metric equations of surfaces will be adduced for the purpose of illus- 
tration and for convenience of reference. Parametric curves on a sur- 
face are defined as follows: 

Definition 1. The parametric curves on a surface S, which is repre- 
sented by parametric equations of the form (1 3), are defined to be those 
curves on S along each of which one of the parameters varies while the 
other is constant. 

If the parameter v is held fixed while u varies, the locus of the vari- 
able point P{x, y, z) is a curve on the surface S. This curve, which is 
sometimes denoted by C“, is called a u-curve because its parameter is w. 
If V is given a different value and is again held fixed while u varies, the 
locus of the point P is another li-curve on the surface *S. In this way, 
by placing v = const., a one-parameter family of w-curves is defined. 
These cover the surface S and are completely described by the dif- 
ferential equation dv = 0. 

Similarly, interchanging the roles of the parameters u and v, we de- 
fine a one-parameter family of v-curves on the surface S, along any one 
of which, denoted by C*, the parameter v varies and u = const., so 
that du = 0. The family of u-curves and the family of v-curves together 
constituie the parametric curves, which arc completely represented ana- 
lytically by the differential equation 


( 21 ) 


dttdv — 0 . 
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Tangent lines of parametric curves are called parametric tangents, 
those of it-curvcs and of incurves being named u-tangents and v-tan- 
gents, respectively. Sometimes the values of .a pair u, v which locates 
a point P on a surface are spoken of as curvilinear coordinates of P. 
Since on a surface S points P and pairs of values of u, v are in continu- 
ous one-to-one correspondence when the range T of the variables u, v 
is sufficiently small, the terminology is then justified. Parametric 
curves are also sometimes called coordinate curves. 

Any curve (7 on a surface can be represented analytically in various 
ways. For example, in the parametric equations (1 '3) of a surface S 
l(*t tin; parameters u, v be functions of a third variable t, so that we 
have 

(2 -2) u = u{t) , V = v{t) . 

Then the locus of the point P(x, y, z), as t varies, is a curve on S. Con- 
versely, any curve C on S can be represented analytically by equations 
of the form (2 • 2), since along C each of u, v is a function of any param- 
eter t that varies along C. Equations (2 • 2) are called curvilinear para- 
metric equations of the curve represented by them. 

Another way to represent a curve (7 on a surface is to impose a con- 
ditioir on the curvilinear coordinates u, v by making them satisfy an 
equation of the form 

(2 3) P(u, v) = 0 . 

If this equation be solved for one of the variables as a function of the 
other, say for t; as a function of u, we obtain 

(2-4) V = v{u) . 

If this function of u is substituted in place of v in equations (1-3), 
the resulting e(iuations are parametric equations of the curve C, the 
parameter now being u. An equation (2 3) is referred to as the curvi- 
linear implicit equation of the curve represented by it, while an equa- 
tion (2 4) is designated as the curvilinear explicit equation of the curve 
which it represents. The equation v = const, of a Urcurve is a special 
case of the explicit equation (2-4), but the curves u = const, are not 
represented by (2 -4). 

An equation of the form 


(2-5) 


F{u, v) — c 


(c = const.) 
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represents a one-parameter family of curves on the surface defined by 
the parametric equations (13). One of these curves passes through 
each point (mo, »o) of the surface, namedy, that curve whose equation 
in curvilinear coordinates is 


F{u, v) = F{uo, »o) . 

The equation 

(2-6) FJu + FJv = 0, 

obtained from (2 5) by differentiation, is called the curvilinear differen- 
tial equation of the family of curves represented by (2 5). C’oiiversely, 
any equation of the form 

(2 • 7) mdu + ndv = 0 , 

in which m, n are functions of u, c, is the curvilinear differential equa- 
tion of a one-parameter family of curves on the surface represented by 
equations (13). 

A net of curves on a surface is defined as follows: 

Definition 2. A net of curves on a surface S is two one-parameter 
families of curves on S such that through each point P of S there passes 
just one curve of each family, the two tangents of the curves at P being 
distinct. 

It is convenient to speak of the two tangents at a point P of the 
two curves of a net that pass through P as simply the tangents of the net 
at P. The curvilinear differerUial equation of a net results when the two 
equations of the form (2 7) representing the two component families 
of the net are multiplied together. Since the two families of the net 
are distinct, corresponding coefficients in the <‘quations of the families 
are not proportional; or, in other words, the ratio of the differentials 
dv and du computed from one equation is not identically equal to this 
ratio computed from the otluT equation. Moreover, it follows from 
the discussion in Section 4 below that, since at every point of the por- 
tion of the surface under con.sideration the tangents of the net are 
distinct, the two ratios cannot be equal at any point. C'onsequently, 
the curvilinear differerUial equation of a net can be written in the form 

(2-8) Adu^ 2Bdudv Cdv^ = 0 (AC - ^ 0) , 

in which the coefficients A, B, C are functions of u, v. Conversely, 
any equation of this form (with nonvanishing discriminant) represents 
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a n(*t of curves on the surface (1 3), since the left member of such an 
equation can be factored into two distinct linear factors which, when 
equated to zero, represent the two component families of the net, the 
two tangents of the curves of the two families being distinct at every 
point of the sqrface under consideration. 

The equation (2 1) repnvsenting the parametric curves on a surface 
is a special ease of equation (2 8). Indec'd, the param(‘tric curves on a 
surface, or else on a sufficiently restrictc'd region of it, form a net, 
called the parametric net, and equation (2 1) is the curvilinear differen- 
tial eqmtion of the parametric net. 

Some of the simpl(‘st examples of parametric equations of surfaces 
may aid in arriving at a better und<‘rstaiiding of the general theory of 
surfaces. First of all, the xij-plane can be represented by the para- 
metric equations 

(2 9) X = u , y = V , 2 = 0. 


In this ca.se the jacobians J, have the values given by 


(2 10) Ji = 0 , J 2 = 0 , Js = 1 . 

The M-curves are straight lines parallel to the x-axis, and the r-curves 
are straight lines parallel to the ^-axis. So ordinary orthogonal car- 
tesian coordinates in a plane are an instance of curvilinear coordinates 
on a surface, the parametric curves being straight and the surface 
bc'ing flat in this special case. 

After the plane the ne.xt simplest surface is perhaps the sphere, which 
is usually defined to be the locus of a point moving at a constant dis- 
tance from a fixed point. The following parametric equations of the 
sphere with center at the origin and with radius r can be read off di- 
rectly from Figure 7 : 


(2 11) X = r sin tt cos v , = r sin m sin t) , z = r cos u . 

For this representation of the sphere the jacobians J, have the values 
given by 


(2 12 ) 


I Ji = r* sin* M cos , ^2 = r* sin* u sin w , 

Jz = r* sin u cos u . 


In geographical language the ti-curves are meridians of longitude and 
the u-curves are parallels of latitude, the curvilinear coordinates of a 
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point being its colatitude u and its longitude v. It should be noted 
that, although the sphere itself, when defined as the locus of a point, 
is perfectly regular at every one of its points, nevertheless the jaco- 
bians all vanish at the north and south poles, where « = 0 and 
u = IT, respectively. The reason for this phenomenon is that there 
are infinitely many meridians of longitude through both poles, so that 



at the poles the parametric curves fail to satisfy one of the conditions 
laid down in the definition of a net. The singularities at the poles 
therefore belong to the analytic representation used and not to the 
surface itself regarded as a point-locus. 

A surface of revolution, or simply a revolute, is in some sense a gen- 
eralization of the sphere. Simple parametric equations of a revolute 
are obtained in the following way. With reference to Figure 8, let us 
consider any curve C, in the «x-plane, which docs not cross the 2 -axis 
and which has equations of the form 


(2 13 ) 


J/ = 0, 


2 = fix) . 
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Wh(>ii the curve C is revolved about the z-axis, the locus of C is a sur- 
face of revolution whose axis of revolution is the z-axis. Any point 
Po{xo, 0, Zo) on C takes the position of a point P(x, y, z) after C has 



been revolved through an angle v. It is obvious that z = Zo. More- 
over, if a function u is defined by placing 

(2 14) « = (i* -1- 

and is restricted to be positive, one sees immediately that 

To = OM = u 

and therefore that z = /(u). It is now evident that parametric equa- 
tions of the surface of revolution are 

(2 15) X = u cos i; , y = usin v , z = /(u) . 
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For the rovolute the jacobians 7, have the values given by 


(2 16) 



—fu cos V , 


J 2 = ~f'u sin V , 



The M-ourves and e-curves are still called “meridians of longitude” and 
“parallels of latitude,” respectively. Comparison of Figures 7 and 8 
shows that u in Figure 8 is r sin u in Figure 7. If in the last of the 
equations (2- 15) of a revolutc the function /( m) is specialized by plac- 
ing 

fiu) = (r*-M*)'^, 


the revolute becomes a sphere. If u is now replaced by r sin u, the 
resulting equation, 

z = f(r sin u) = r cos u , 
is the last of the equations (2 11) of the sphere. 


KXEUCISES 

1. The surface represented by the equations 
(2 17) X = u , y = V , 3 = iiv 

is a hyperbolic paraboloid, whose explicit ecpiation is 


2 = xy . 


The tMJurvcs arc straight lines, 

y = V , z = vx , 

parallel to the 3x-plane; the t>-curves are straight lines, 

X = ti, z = uy , 

parallel to the yz-plane. The jacobians 7, for this surface have the values 
given by 

Ji=—v, Ji=—u, 7j = 1 . 

2. Find the implicit equation and the jacobians 7, (? = 1, 2, 3) for each 
of the following surfaces: 

a) Ellipsoid, 

(2-18) z = a sin u cos e , 2/ = ^ u sin v , z = c cos u . 
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b) Hyperboloid of two sheets, 

(2-19) 1 = 0 cosh M cosh v , y = b cosh « sinh v , z = c sinh u . 

c) Hyperboloid of one sheet, 

(2 20) X = a cosh u cos v , y = b cosh u sin , z = c sinh u . 

d) Elliptic paraboloid, 

(2 21) j: = «« cos » , y = businv , z = . 

p) Hyperbolic paraboloid, 

(2 22) X = nti cosh v , y = hi sinh f> , z = «* . 

3. Discuss the following two surfaces of revolution : 

«) The entenoid (surface of revolution of a catenary), 

, «+(«* — n®)*/* 

(2 23) X = M cos » , y = M sm » , a = n log ^ . 

b) The anchor ring (surface of revolution of a circlt ), 

(2 24) I = u cos V , y = M sin r , a = [fc® — (u — c)®,* ® (« > b) . 

4. Defining a conoid to be the locus of a straight line which is perpendicular 
to and intersects a fixed straight line I, which is revolved about I, and which is, 
at the same time, translated along I, prove that the parametric equations of a 
conoid can be written in the form 

(2 25) X = « cos r , y = « sin p , a = g(r) . 

Describe the parametric curves on this surface. 

5. Discuss the following two conoids: 

a) The screw surface, 

(2 26) X = M cos p , y = w sin p , a = op (o = const.) . 

b) The cylindroid, 

(2 27) X = tt cos p , y = tt sin p , a = sin 2 p . 

6. Prove that the locus of the principal normals of a circular helix is a 
screw surface. 
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7. Find the parametric equations of the form (2 -25) for the conoid whose 
implicit equation is 


= rV , 


and determine the shape of tlje surface. 

8. Discuss the helicoid, 

(2 28) X = « cos e , y = u sin v , z = av + /(«) (a = const.) . 


3. The first fundamental form. The word form, as used in algebra, 
means homogeneous polynomial. An n-ary p-adic form is a form of 
degree p in n variables. In particular, a binary quadratic form is a form 
of the second degree in two variables. A differential form is a form in 
the differentials of a set of variables, the coefficients of the form being 
functions of these variables. Binary quadratic differential forms ap- 
pear frequently in the metric differential geometry of surfaces. For 
instance, the left member of equation (2 -8) is form of this kind. 

The first fundamental form in the metric theory of surfaces is a 
binary quadratic differential form which arises in the calculation of 
the element of arc of a (iurve on a surface. To discover it, let us con- 
sider a surface S represented analytically by the parametric equa- 
tions (1 -3), and on S consider a curve C whose curvilinear equation is 
known. Differentiating equations (1-3), we obtain 


(3 1) 


! dx = x«du + ^vdv , dy = p„d« -f y„dv , 
dz = Zudu + Zvdv , 


the differentials du, dv being supposed to be related by the equation 
resulting from differentiating the curvilinear equation of C. Let .s de- 
note arc length measured from some fixed point of the curve C. Then, 
squaring and adding equations (3 1), we find 

(3 2) ds* = Edu^ + 2Fdudv + Gdv ^ , 

where the coefficients E, F, G are defined by the formulas 


(3-3) 


jE = xi + yi+ zl, F = XuX„ + , 

I (? = X® + y® + z’ . 


Thus the square of the element of arc of the curve C is calculated, 
and the way is prepared for the following definition. 
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Definition 1. The first fundamental form is the form in the right 
member of equation (3 2). 

The coefficients E, F, G of the first fundamental form are sometimes 
called the first fundamental coefficients in the theory of surfaces. Some 
additional notations will be useful in the sequel. In the domain of real 
numbers the coefficients E, G are positive;. Two functions A and C are 
now defined to be the positive square roots of E and G, respectively, 
so that 

(3-4) A=E'/\ C = G^/K 

Furthermore, the first fundamental form is definitely positive in the 
elomain of reals, since this form is equal to e/.s*. Therefeire, the elis- 
criminant EG — F* eif this feirm is positive. In fact, Lagrange’s iden- 
tity (I -4 13) gives a relation, 

(3-5) EG - = J\ + Jl + Jl, 

between this discriminant and the jacobians J, defined by (1-4). A 
function // is now dt'fineel to be the positive square root of this dis- 
criminant, so that 

(3 -6) // = (FG - 

The element of arc of a parametric curve can be expressed by a very 
simple formula. IjCt arc length of a li- curve be demoted by .s“ and that 
of a e-curve by s*. Since we have dv = 0 along a u-curve and du = 0 
along a e-curve, the general formula (3 2) for the element of arc of 
any curve specializes, for the parametric curves, into 

(3-7) ds“ = Adu , ds'’ = Cdv , 

where A, G are defined in (3 -4), and the positive square roots are 
taken in order that the positive sense on a parametric curve may be 
the sense in which the parameter increases, in harmony with the con- 
vention made in Section 3 of Chapter I. 

Then the length a of a curve C on a surface, measured from an arbi- 
trarily chosen fixed point («o, vo) to a variable point (m, v) on C, may 
be calculated by means of the integral 

(3 8) s = f"' (Edu^ + 2Fdudv + Gdv^Y'- . 

J(U0, Vo) 
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In order to evaluate this integral along the curve C defined by a curvi- 
linear implicit equation (2 -3), one may differentiate this equation to 
get a relation between du and dv which is valid at points of C, and may 
then use (2 3) to express one variable as a function of the other, say 
V as a function of u. Thus the evaluation of the integral may be re- 
duced to a quadrature. It is even easier to reduce the evaluation of 
the integral to a quadrature when the curve C is defined by its curvi- 
linear parametric equations (2 2), by using t as independent variable. 


KXERCISES 

1. For the xy-plane represented by the parametric eciuations (2 9), verify 
the results, 

(3 9) E = I, F = 0 , G = I, // = 1 ; 

for the sphere (2 11), 

(3 10) E — , F = 0 , G = sin* u , H = r'^ sin w ; 

and for the revolute (2 1.5), 

(3 11) F = 1 +r , F = 0 , G = u\ U = u{\ -f- /'*)’'* , 
the positive square root being taken. 

2. Calculate J„ E, F, G, H for the surfaces whose parametric equations 
are written in the exercises of Section 2. 

3. Use the integral (3 8) to verify that the total length of a meridian of the 
sphere (2 11) is 27rr, that the length of the equator is 27rr, and that the length 
of a parallel of latitude, w = 6, is 27rr sin h. 

4. When the equation of a surface is written in the explicit form (1 2), 
place 

X = U, y = V, fi = P, fy = <l , 

and verify the following results: 

f Ji = -P, Ji = -Q, J3 = 1, 

F = 1 + P* , F = pq, G=l + q\ //* = 1 + p* + 9* . 

4. Tangent plane and normal line. Let us consider a surface S rep- 
resented by the parametric equations (1 '3), and on *S a curve C whose 
curvilinear parametric equations are 


(41) 


u = u(s ) , V = v(s) , 
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the parameter s being arc length measured from an arbitrarily chosen 
fixed point of C. The direction cosines a, y of the tangent line at a 
point P(x, y, z) of C are given by the formulas 


(4 2) 


a = x' = XuU’ + x^v' , 
. (3 = y' = y^u' + «/„«' , 
7 = z' = 2„u' -f Z„v' 



Let functions belonging to the; parametric curves be indicated by ap- 
propriate superscripts u or v. Then equations (4 -2) and (3 -7) lead to 
the following formulas for th<; direction cosines of the li-tangent and 
the v-tangent at a point of a surface: 


(I 'i) 




y” 


Zu 

A 



7'' 


Z. 

c • 



A remarkable fact about the geometry of a surface, in the neigh- 
borhood of one of its points, will now be staled. 

Theorem 1. The tangent lines at an ordinary point P on a surface S 
of all the curves that lie on S and pass through P lie in a plane. 

The proof of this theorem is illustrated by Figure 9. The para- 



78 


METRIC DIFFERENTIAL GEOMETRY 


metric equations of the tangent line at the point P of the curve C on 
the surface S can be written in the form 

Y = X -f t{XuU' + I 

(4-4) ■ Y = y + t(yuU' + y„v') , 

Z = z t(ZuU' + z„v') , 

in which t is the algebraic distance from the contact point P(x, y, z) to 
a variable point QiX, Y, Z) on the tangent, and u', v' are calculated 
from the equations (4-1) of C. As the point Q moves along the tan- 
gent, the distance t varies. If the curve C is now allowed to vary in all 
possible ways, remaining on S and passing always through P, the ratio 
v' /u', or dv/du, varies. Under these circumstances equations (4 -4) are 
the parametric equations of a plane, whose implicit equation is found, 
by eliminating the parameters tu' and Iv' from equations (4-4), to be 

A’ - X Y -y Z-z 
(4 -5) Xu Vu Zu = 0 . 

Xd J/» Zx, 

The tangent lines at the point P of all the curves that lie on the sur- 
face (S' and pass through P lie in this plane. Th(‘ following definition 
of the tangent plane is based on the for(*going theorem. 

Definition 1. The tangent plane at a point P of a surface S is the 
plane that contains the tangent lines at P of all the curves that lie on i} and 
pass through P. 

The equation (4 • 5) of the tangent plane can be written in the form 
(4 -6) a:,) = 0 , 

by interchanging rows and columns of the determinant and writing 
only a typical row within parentheses. The ('quation of the tangent 
plane can also be written in the form 

(4-7) Ji(A - x) + UY -y) + MZ - z) = 0 , 

by expanding the determinant in (4 5) on the elements of the first row. 

The point P(x, y, z) is naturally called the contact point of the tan- 
gent plant; of the surface S at P. The formulas (4 • 2) for the direction 
cosines of the tangent line at a point P of a curve on a surface show 
that, as long as the point P is fixed, the tangent line changes its orien- 
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tation in the tangent plane if, and only if, the derivative dv/du 
changes. In fact, this derivative is a coordinate of the tangent line 
in the flat pencil composed of all the tangent lines in the tangent plane 
at the point P. It is convenient to give the name direction to this 
coordinate by a definition. 

Dkfinition 2. At a point of a curve on a surface the direction of the 
curve (or of its tangerU) is the derivative dv/du calculated from the curvi- 
linear equation of the curve. 

Evidently, the tangents of two curves at a point on a surface coin- 
cide if, and only if, the directions of the two curves at the point are 
equal. The normal line, or simply the normal, at a point of a surface 
is defined as follows: 

Definition 3. The normal at a point P of a surface S is the line 
through P perpendicular to the tangent plane of S at P. 

The equation (4 • 7) of the tangent plane .show’s that, except possibly 
for sign, the direction cosines of the normal, which will be denoted by 
a, b, c, are proportional to the jacobians J,. Hence, ('.xcept possibly 
for sign, they are etpxal to these jacobians divided by II. The uncer- 
tainty with regard to tlu'ir signs is removed by the following conven- 
tion relative to the positive sense on the normal: 

The positive sense on the normal is, by agreement, siieh that 

O ev •! 1 l '^2 

8) a , b fj ^ ^ Tl ‘ 


The geometrical fact that the normal at a point of a surface is per- 
pendicular to both parametric tangents at the point is affirmed ana- 
lytically by the following easily proved identities: 

(4 9) aa“ + -f cy" = 0 , oa’’ -f bP'' + cy'' = 0 . 

With these should be associated the following: 


(4 10) 


{ a' b~ c^ = 1 , aOu bbu = 0 , 

[ aa„ + bbu fCi. = 0 . 


Finally, direct calculation suffices to verify the identity 


o“ j8“ 7” 

a* /S' y 

b c 


ll_ 

AC 


(4 11) 


a 
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Since the right member is positive, so also is the determinant positive. 
Therefore the trihedron whose edges are the u-tangent, the v-tangent, and 
the normal at a point of a surface is left-handed, since this trihedron must 
have the same orientation as the fundamental coordinate trihedron. 

EXERCISKS 

1. For the sphere (2 11) verify the results, 

6 = sin M sin f , c = cos u ; 


/' sin V 1 

(!+/'»)’/*’ <= = (1 +/'2)I/2- 

2. Write the equations of the normal lino at any point of the sphere, and 
prove that this lino passes through the center of the sphcTe. 

3. Write the equations of the normal line at any point of the revolute, and 
prove that this line intersects the axis of revolution at the point (0, 0, / + 
?///'). The length of the segment of the normal between this point and the 
surface is 

(!+/'*)•/*. 

4. The direction cosines of the normal at a point of a surface whose equa- 
tion is WTitten in the explicit form z — /(j, y) are proportional to/x, /y, —1. 

5. The direction cosines of the normal at a point of a surface whose equa- 
tion is written in the implicit form F(Xf y, - 2 ?) = 0 are proportional to Fx, Fyy 
Fz, Interpret geometrically the equation 

(4 14) Fxdx + Frfdy + Fzdz = 0 , 

which is obtained from the equation of the surface by differentiation. 

6. When the equations of a curve are written in the implicit form 

F{x, 2 /, z) = 0 , G{i, (/, a) = 0 , 

the direction cosines of the tangent at a point of this curve are proportional to 
F/iz - FzGy , FzGx - FxGz , FzGy - FrjGx . 


(4 12) a = sin u cos v , 
and for the revolute (2 15), 

io) a — (1 -)- /'2)V2 > 


7. Find the equations of the tangent line at the point (1, 1, 1) of the curve 


xyz = I , 


= X. 
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8. Find the equations of the tangent line and normal plane at any point 
of the curve 

a:* + J/* + z* = 4ffl® , I* + z* = 2ar . 

9. Find the equation of the normal plane at any |X)int on the curve 

oj* + by^ -f- cz* = 1 , x* + y* -f = d® . 

5. Envelopes of surfaces. Just as in the plane a sufficiently regular 
one-parameter family of curves has an envelope which is a curve to 
which all the curves of the family are tangent, so in three-dimensional 
space a sufficiently regular one-parameter family of surfaces has an 
envelope which is a surface to which all the surfaces of the family are 
tangent. We shall discuss in this section the envelope of a one-param- 
eter family of nonspecialized analytic surfaces, and in the next, section 
shall restrict attention to the case of a one-parameter family of planes. 

Let us consider a sufficiently regular analytic one-parameter family 
of surfaces represented by the equation 

(5 1) F{x,y, z,t) = 0 , 

in which t is the parameter. For an arbitrarily chosen and then fixed 
value t of the parameter, equation (5 1) represents a surface of the 
family. If a small increment At is given to t, we obtain the equation 

(5 -2) F(x, y, z, t At) = 0 

of a neighboring surface of the family. Any point on the curve of in- 
tersection of these two surfaces is also on the surface whose equation is 

[Fix, y,z,t-\- At) - Fix, y, z, t)] = 0 . 

If this curve of intersection approaches a limit when At approaches 
zero, this limiting curve is called the characteristic curve, or simply the 
characteristic, of the surface (5 1). In other words, the characteristic of 
a surface is the curve in which a consecutive surface intersects it. The 
implicit equations of the characteristic are 

(5-3) Fix, y,z,t) = 0, F,(x, j/, z, f) = 0 , 

in which the subscript denotes partial differentiation. The way is now 
prepared to define the envelope. 
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Dkfinition 1. The envelope of a one-parameter family of mrfaces is 
the loeits of the rhararteristics of the surfaces. 

Elimination of t from equations (5-3) would yi(‘ld the implicit equa- 
tion of the envelope. If the elimination be performed by solving the 
second of (5-3) for < as a function of x, y, z and then substituting in 
the first, the equation of the envelope takes the form 

(5 4) F{x, y, z, tix, y, 2 )) = 0 . 

With this equation of the envelop** it is eiisy to prove the following 
theorem. 

Theorem 1. The envelope of a one-parameter family of surfaees is 
tangent to each surface of the family at each point of the. characteristic of 
the surface. 

To prove this theon'in, let us ol)serve that the dirt'Ction cosine's of 
the normal at a point of the envelope (5 4) are proportional to 

Fx F itx , Fy Fttf, , F t F itt . 

But at a point of the eharaeteristic curve* (5 3) we have Ft = 0. 
Therefore the direction cosines e)f the ne)rmal to the envelope* are pro- 
portional to Fx, Fy, Fx, and so this line* is also normal te) the surface 
(5 1). Consequently, at e*ae*h pennt of the characteristic (5 3), the 
surface (5-1) and the envelope (5-4) have the same tangent plane 
and hence are tangent te) each other, as was to bo shown. 

The characteristics of all the surfaces eif a one-parameter family lie 
on the envele)pe e)f the family and so form a e)nc-parameter family of 
curves on a surface. If this family of curves is sufficiently regular, it 
has an envelope. To investigate this envelope, let us consider the 
characteristic (5 3) and a neighboring characteristic whose equations, 
obtained from (5 -3) by giving to t an increment At, are 

(5-5) Fix, y, z, t M) = 0 , F,(x, y, z, t + M) = 0 . 

Any point of intersection of these two characteristics has coordinates 
satisfying the equation 

^ [Ftix, y,z,t+ At) - Ftix, y, z, 0] = 0 . 

If this point of intersectie)n approaches a limit when At approaches 
zero, the limiting point is called a focal point of the characteristic. In 
other words, the focal points of a characteristic are the points in which a 
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consecutive characteristic intersects it. The ('(M)rdiiiut(‘s of a focal point 
satisfy the equations 

(5-6) F(x, y,z,t)=0, Ft{x, y,z,t) = Q, Fu(x, y,z,t) = 0. 

If these equations be solved for x, y, z as functions of t, the resulting 
equations, 

(5-7) x = x{t), y = y{t), 3 = 2(0 1 

may be n*gardcd as the parametric equations of a curve. This curve is 
the locus of the focal points of the characteristics of the surfaces of the 
family and is, by definition, the envelope* «)f the characteristics of the 
surfaces of tins family. This envelope has a special name, introduced 
in the following definition. 

Definition 2. The edge of regression of the envelope of a one-param- 
eter family of surfaces is defined to be the envelope of the characteristics 
of the surfaces. 

The following theor(*m is an analogue of Theorem 1. 

Thkouem 2. The edge of regression of the envelope of a one-parameter 
family of surfaces is tangent to each characteristic at each focal point of 
the characteristic. 

The proof of this theorem begins with the* observation that the 
direction cosines of the tangent at a point of the edge of regression are 
proportional to x', y', z' calculated from equations (5 7), the accent 
denoting differentiation with respect to t. Since the functions of t in 
the right momlx'rs of equations (5-7) satisfy the first two of equations 
(5-6) identically in t, differentiation of these equations gives 

F,x' + Fyy' + F,z’ + F, = 0 , 

F txx' + F lyy' + Ft~z' + F/( = 0 . 

But at a focal point of a characteristic we have Ft = 0, F« = 0 by 
the last two of equations (6 6). Consequently, we fintl 

x' = KFyFu - F.Fty ) , 

y' = KF,Fu - F,Fu) , 

Z' = k{FJ\y - FyFu) , 

when! A; is a non vanishing proportionality factor whose value is imma- 
terial. But the parentheses are proportional to the direction cosines 



84 


METRIC DIFFERENTIAL GEOMETRY 


of the tangent line of the eharacteristic (5 • 3) at the focal point. There- 
fore the edge of regression and the characteristic have the same tan- 
gent line at a focal point of the characteristic, and hence are tangent 
to each other there, as was to be showit. 

As a working rule, to fitui the envelope of a one-parameter family of 
surfaces (5 1), differentiate with respect to the parameter and eliminate 
the parameter. To find the edge of regression of the envelope, differentiate 
twice with respect to the parameter and solve for x, y, z as functions of 
the parameter. 

If, however, one happens to be considering a one-parameter family 
of surfaces associated with the points of a space curve, and if the equa- 
tion of a surface of the family is written in local coordinates, it is con- 
venient to know how to differentiate local coordinates in order to find 
the envelope by this method. It turns out that the conditions (112- 18) 
on the local coordinate's of a point which is fixed relative to the fixed 
system of coordinates are the differentiation formulas required, as will 
now be demonstrated. Let the equation of a surface of the family 
under consideration be 

(5 8) /(f, ij, f, s) = 0 , 

in which s is arc length along the curve and r;, f are local coordi- 
nates. If the expressions given for f, jj, f by the equations (1-7 2) of 
transformation of coordinates are substituted in eciuation (5 8) the 
result is the equation of the surface referred to the fixed coordinate 
system, namely, 

(5-9) filaiX - x), i:/(Y - x), 2X(X - x), s) = 0 , 

the summation being for cyclical permutations. In order to find the 
characteristic of this surface, the procedure is to differentiate partially 
with respect to the parameter s, which appears in o, 1, X, x as well as 
explicitly. The result of the differentiation is the equation 

(510) M'+/,i>'+/fr'+/. = o, 

where the accents indicate differentiation with respect to s. The deriv- 
atives Vi t' can easily be calculated by differentiating equations 
(1-7 2) with respect to s while X, Y, Z are fixed. The expressions ob- 
tained as the result of this differentiation can be reduced by means of 
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the Freiict formulas (I -6 1) and the equations (I 7 2) themselves to 
the differenliaiion formulafi for local point coordinaten, 


(5 11) -1+^, V 

P 



These formulas arc observed to Im* the sann* as the eonditions (112 18), 
and giv(! the expressions to be used for ri', f' in equation (5 10) to 
complete the solution of tlui envelope problcun, as was to be shown. 
SoiiM' concrete applications of thes<‘ formuhus will be found in E.xercise 
2 below and in the next section. 


EXKKCISKS 

1. The 0 (|uati()ii of the envelope of the two-parani(‘ter family of surfaces 
r(*presented by the ecpiation 

(5 12) Fix, If, z, u, /’) = 0 , 

in which u, v are tlu! i)aramcters, is obtained by eliminating u and v from this 
e({uatioii and the derived equations 

(5 i:{) Fu'jt, If, z, II, v) - 0 . Fr(Ji, //, II, r) - 0 . 

2 Use the differentiation formulas (fi 11) to jirove that the characteristic 
of the osculating sphere (I 8 1) at a jioint F of a nonsjiherical curve C, as P 
vanes on (', is the osculating circle (I 8 4). Then prove that the edge of re- 
gre.ssion of the enveloiie of the osculating sphere of the curve C is the curve C 
itself. 

3. The iiarametric equations of the envelope of the one-parameter family 
of plane curves 

(.) 14) X = rill, ii ) . If = ijiii, ii ) , 

the parameter of the family being «, are found by solving the equation 

(•> 15) XuIJa — Xallu = 0 

for u as a function of a and substituting in (5 14). 

4. The parametric cipiations of the envelope of the one-parameter family 
of surfaces 

(5 Ki) X = xiii, v,i), If {fill, p, ii) , z = ziii, r, ii) , 
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the parameter of the family being a, arc found by solving the equation 

Xu yu Su 

(5*17) Xv yv 2}) =0 

Xa ya 2a 

for V as a funetion of w, n and substituting in (5 16). 


5. The i)arametric eciuations of the envelope of tin* two-j)aranieter family 
of surfaces 


(5*18) X =r. x(u,v,a,h) , y = y{u, v, a, h) , z = z(u, v, a, h) , 


the i)arameters of the family being a, b, are found by solving the ecpiations 


lu 

yu 

Zu 

Xu 

yu 

Zu 

(5 19 ) Xv 

yv 

Zv 

= 0 , Xv 

yv 

Zv 

Xa 

yu 

Za 

Xb 

yt 

Zb 


for u, v as functions of a, b and substituting in (5 18). 


6. Developable surfaces. This section is devoted to a special class 
of surfaces called developable surfaces, or simply developables. The rea- 
son for the name is that analytic developables are the only analytic 
surfaces that can be developt'd upon, or applied to, a plane so as to fit 
upon it exactly without stretching, tearing, or folding. This property, 
however, will not be discuss(*d in detail until later (see f -hap. 6, Sec. 4). 
The most general kind of developable surface is the tangent developable 
of a curve. The following definition of the tangent developable of a 
curve has th(‘ advantages of being usable in projective geometry as 
well as in metric geometry, and of being valid in the gc'ometry of 
hyperspacc as well as in that of ordinary space. 

Definition 1. The tangcM developable of a curve is the locus of the 
tangents of the curve. 

In order to obtain parametric equations of the tangent developable 
of a curve, let us consider a curve C whose parametric eiiuations are 
supposed to be known, the parameter being the arc length s measured 
from a fixed point Fo to the point P{x, y, z) of C (see Fig. 10). The 
parametric equations of the tangent line of C at P are 


(6*1) X = X at , 


Y = y + pt, Z = z-{-yt, 
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in which t is the algebraic distance from P to a variable point Q(A', F, Z) 
on the tangent an<l a, /3, 7 are the direction cosines of the tangent. If 
s is held fixed while t varies, the point P is fixed and the point Q runs 
along the fixetl tangent of C at P. But if s and t bol h vary, the point P 
varies along the curve C and the tangent line generates a developable 
surface, which is the locus of the point Q. Therefore equations (6‘1) 
are, -parametric, equations of the tangent developable of the curve C, the 
parameters being s and t. 

The curve C is calh'd the cuspidal edge, or edge of regression, of its 
tangent developable. Each tangent line of C is called o generator of 
the developabh*, and the point where a generator touches the cuspidal 
edge is called the focal point of the generator. The reason why some 



of the terminology of the theory of envelope's is used in this connection 
is contained in Theore'm 2, and the reason for the name cuspidal edge is 
found in Exercise 7 below. The tangent developable of a curve is to be 
visualized as consisting of two sheets joined together so as to be tan- 
gent to each other along the curve itself as a sharp edg(', namt'ly, the 
edge of regression. One sheet is generated by t he positive half-tangent, 
and the other by the negative half-tangent of the curve. 

There are some special types of developables which should be 
mentioned. For example, if the edge of regression is a plane curve, 
the developable is all or part of the plane of the curve. So a plane is 
a very special type of developable. Moreover, a cone is a developable 
whose edge of regression has reduced to a fixed point. Equations (6 1) 
represent a cone if x, y, z are all constant and if the direction cosines 
a, j 8 , 7 of a generator are functions of any parameter u. The vertex of 
the cone is then the fixed point (x, y,z). A flat pencil of lines may be 
thought of as a degenerate cone, but leads to the plane as a develop- 



88 


METRIC DIFFERENTIAL GEOMETRY 


able, and need not be considered further here. A cylinder is a develop- 
able, since a cylinder may be thought of as a cone with its vortex at 
infinity. Equations (6 1) represent a cylinder if the direction cosines 
a, /3, 7 of a generator are all constant and do not belong to the tangent 
of the curve generated by the variable point (x, ?/, z). Finally, if a 
developable reduces to a curve at all, then it reduces to a straight line, 
which is the edge of regression of this improper developable. Only 
proper developables will ordinarily be considered hereinafter. An im- 
portant property of a developable surface is enunciated in the follow- 
ing theorem. 

Theorem 1. The tangent planes at all ordinary points on a generator 
of a developable coincide in one plane which, if the developable is not a 
cone or cylinder, is the osculating plane of the edge of regression at the focal 
point of the generator. 

The proof of this theorem may be made by calculating the equation 
of the tangent plane at a point of the developable (6 1). Using equa- 
tion (4 5) with s, t in the plaee of u, v, we find that the ecpiation of the 
tangent plane immediately reduces to the equation (1-4 11) of the 
osculating plane of the curve C and is independent of the parameter t. 
The special cases of the cone and cylinder offer no diffieulties, the 
equation of the tangent plane at an ordinary point of either surface 
being independent of the parameter t. 

Ordinarily a surface has a different tangent plane at every one of 
its points, and therefore has altogether a two-parameter family of tan- 
gent planes. However, Theorem 1 makes it clear that a developable 
surface has only a single infinity of tangent planes at most. It is natural 
to ask the converse question, whether every one-parameter family of 
planes can be regarded as the tangent planes of a developable .surface. 
An affirmative answer is furnished by the following theonmi. 

Theorem 2. Every analytic one-parameter family of planes in three- 
dimensional spare envelops a developable surface. 

To prove this theorem, let us consider a one-parameter family of 
planes represented by the equation 

(6-2) ait)x -H bit)y -f- c{t)z + d{t) = 0 , 

the coefficients a, b, r, d being analytic functions of the parameter t, 
and a, b, c being not all zero. Certain exceptional cases can be dis- 
posed of briefly. First, if all the planes of the family (6 2) pass through 
as many as three noncollinear points, then the planes of the family all 
coincide in one fixed plane, the ratios of the functions a, b, c, d being 
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constants. In this case the envelope is the fixed plane, which is a kind 
of developable surface. Second, if the planes of tlie family (6-2) all 
pass through two, but no more than two, independent points, the en- 
velope is the line joining these two points and is a degenerate de- 
velopable; the planes of the family form an axial pencil with this line 
as axis. Similar remarks apply if the planes arc all parallel to a fixed 
plane, the envelope being the line at infinity in this plane. In the third 
place, if the planes of the family (6 -2) all pass through just one fixed 
point, the envelope is a rone with its vertex at this point, and if the 
planes of the family are all parallel to a fixed line, then the envelope 
is a cylinder with its generators parallel to this line. Having disposed 
thus of the special cases, let us suppose that the planes of the family 
(6 2) do not all pass through a fixed point and are not all parallel to a 
fi.xed line. Then equation (6 -2) can be written in the form 

(6 3) a{t)x -1- h{t)y tz + \ = 0 , 

by suitably choosing new coefficients and a new parameter. The 
theory of envelopes, as developed in Section 5, can be applied to this 
family of planes. Tlu' result of differentiating equation (6 3) with 
respect to t is 

(<i 4) fl'j- + b'y + z = 0 ^ ’ 

and another differentiation produces 
(6 5) a''x -1- V'y = 0 . 


If the three equations (6 3), (6 -4), and (6 5) be solved simultaneously 
for X, y, z, the result is the parametric equations of the edge of regression 
of the envelope of the planes (6 -3), 


a'V - a'b" 
I) 


where D is defined by placing 

a h t 

(6 7) H = a' h’ 1 

a" h" 0 

and is not zero. The proof may be completed by first observing that 
the characteristic of the plane (6*3) is a straight line, and then ap- 
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pealing to Theorem 2 of the preceding section. Or, alternatively, if 
the equations of the tangent line at a point of the edge of regression 
(6 • 6) are calculated, it turns out that this line is precisely the charac- 
teristic whose equations are (6-3) and (6 -4). Therefore the envelope 
of the planes (6 3) is the developable generated by the tangents of the 
curve (6 -6). It may bo remarked that, if the equation of the osculat- 
ing plane at a point of the curve (6 • 6) is calculated, it reduces to the 
equation (6 -3), as it should. 

There are three interesting developables associated with a space 
curve C, which we shall now discuss briefly, using local coordinates 
and the differentiation formulas (5-11). The first of these develop- 
ables is the tangent developable of the curve C, which, according to 
Definition 1, is the locus of the tangents of C. The tangent develop- 
able of the curve C could also be defined as the envelope of the osculat- 
ing pianos of C. For, the local equation of the osculating plane is 
f = 0. Differentiation by (5-11) shows at once that the rharneteristic 
of the osculating plane is the tangent line, ?; = 0, f = 0. Another dif- 
ferentiation shows that the focal point of the tangent is the origin 
(0, 0, 0). Therefore the envelope of the osculating planes of a curve is the 
tangent developable of the curve, and the edge of regression of the envelope 
is the curve itself. 

The second remarkable developable associated with a curve C is 
called the polar developable of C and may be defined to be the envelope 
of the normal planes of C. The local equation of the normal plane is 
f = 0. One differentiation by (5 -11) gives the local equations of the 
characteristic of the normal plane, namely, ^ = 0, rj = p. Therefore 
the characteristic of the normal plane is the polar line. Another differen- 
tiation by (5-11) gives the focal point of the polar line, namely, the 
point (0, p, —rp'). This is the center of the osculating sphere. There- 
fore the polar developable of a curve is the locus of the polar lines of the 
curve, and its edge of regression is the locus oj the centers of the osculating 
spheres of the curve. Evidently, the polar developable of a curve is the 
tangent developable of the locus of the centers of the osculating 
spheres of the curve. 

Finally, the rectifying developable of a curve C is, by definition, the 
envelope of the rectifying planes of C. The local equation of the rec- 
tifying plane is jj = 0. One differentiation by (5 -11) gives the local 
equations of the characteristic of the rectifying plane, namely, 

(6-8) V = 0 , -b pf = 0 . 
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Therefore the characteristic of the rectifying plane is the instantaneous 
axis (1-6 7) of the local trihedron. Another differentiation by (5-11) 
gives the focal point of the instantaneous axis, 

(6-9) 0, i) (r = ?), 

provided that the curve C is not a cylindrical helix, i.e., provided that 
r' ^ 0. If the curve (7 is a cylindrical helix, the focal point of each 
characteristic is at infinity. In fact, by taking the z-axis parallel to 
the generators of the sustaining cylinder, which the helix crosses at a 
constant angle, the equations of the cylindrical helix become 

X = x(s) , y = y(i‘) , z = cs C\ (c, Ci = consts.) 

the parameter s being arc length; and it is easy to prove that the 
rectifying devj'lopable of the helix is the sustaining cylinder itself, the 
equations of which are 

X = x(s) , y = y{s) . 

EXERCISES 

1. Verify the following formulas for a developable, using s, t in place 


of «, v: 

\j 

II 

1 

i-r 

CO 

II 

1 

(6 10) • 

II 

+ 

F = 1, 

I Q. 
+1 

II 

II 


l-f 

II 

b = 

c = +v, 

the upper signs being used for the sheet of 

the developable generated by the 


positive half-tangent, and the lower signs for the other sheet. Why do the 
jacobians Jx vanish when < = 0? 

2. Discuss the envelopes of the osculating planes, normal planes, and recti- 
fying planes of a curve without the use of local coordinates. 

3. The normal planes of a curve C, not a plane curve, pass through a fixed 
point if, and only if, C is a spherical curve. 

4. The rectifying planes of a nonrectilinear curve pass through a fixed 
point if, and only if, 

^ = /w-H fc 

r 


(6 11 ) 


{h, k = coasts.) . 
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5. The implicit equation of the tangent developable of the cubical parai>oIa 
(I-2-5) is 


4(y - x^)(zx - j/*) - (xy - z)2 = 0 . 


6. The normal plane at a point F of the edge of regression of a developable 
cuts the developable in a curve with a cusp at F, the cusp tangeuit being the 
principal normal of the edge of regression. 

7. The osculating plane at a point F of the edge of regression of a develop- 
able cuts the developable in a geiKTator counted twice and in a curve whose 
curvature at F is three-fourths tiie curvature of tlie edgt* of regression at F. 

8. The rectifying plane* at a {wint F of the edge of n'gression of a d(*velop- 
able cuts the develojjable in a g(*nerator and in a curve with an inflexion at 
the inflexional tangent being the gt'nerator. 

9. A necessary and sufiicient condition that a surface z = /(j, y) be de- 
velopable is 

(6 12 ) J-tifuu / ~ 6 . 


10. A necessary and sufiicient condition that a surface F{x, y, z) = i) be 
developable is 


(6 13) 


F,x F,y Fxz Fx 

Fyx Fyy Fyz h y 
Fzx Fzy Fzz Fz 

Fz Fy Fz 0 


7. Ruled surfaces. Just as the locus of a point moving with one 
degree of freedom is a curve, so the locus of a straight line moving 
with one dc’gree of freedom is a surface. Such a surface, however, is 
of a special type and is known as a ruled surface. The variable lim; is 
called a generator, or riding, of the surface. A more precise definition 
of a ruled surface follows: 

Definition 1. A ruled surface is a surface such that through each 
peyint of it passes at least one straight line lying entirely on it. 

Many examples of ruled surfaces are quite familiar. Perhaps the 
simplest of all ruled surfaces with real rulings are the plane and the 
cones and cylinders. The hyperbolic paraboloid and the hyperboloid 
of one sheet are ruled ; in fact, each of these surfaces has on it two om*- 
parameter families of rulings. The conoids, including the screw sur- 
face and the cylindroid, are ruled. Every developable surface is ruled, 
but not conversely. Some writers call a developable surface a torse 
and call a nondevelopable ruled surface a scroll. 
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Parametric equations of a ruled surface can be obtained in the fol- 
lowing way. Let us consider a curve C whose parametric equations are 
known, the parameter being the arc length s measured from a fixed 
point Po to a point Pix, y, z) of C (see Fig. 11). Let g be any line 



Fig. 11 


through P, and let the direction cosines I, m, n of g he functions of 
s. Then paranu'tric equations of the generator g are 

(7 1) X = X + It , Y = y + mt, Z = z + nt , 

ill which t is the algebraic distance from P to a variable point Q( X, Y, Z) 
on g. If a is held fixed while t varies, the point P is fixed, and the point 
Q runs along the fixed generator g at P. But if a and t both vary, the 
point P varies along the curve C, and the line g generates a ruled sur- 
face, which is the locus of the point Q. Therefore, equations (7 • 1) are 
parametric equations of a ruled surface, the parameters being s and t. 

The hypothesis that the direction cosines I, m, n are not all constant 
would prevent the ruled surface under consideration from being a 
(lylinder, and in the following argument this hypothesis will be under- 
stood, unless the contrary is indicated. The curve C may be called 
the director curve associated with the equations (7 • 1) of a ruled surface. 
Any curve crossing all the generators of a ruled surface can be used 
as director curve. 

Some useful notations and formulas of the theory of ruled surfaces 
will now be introduced. Let 6 be the angle between the generator g and 
the tangent line at a point P of the director curve C. Further, let two 
functions p and q bt* defined by placing 

(7 2) p* - + m'^ -H n'% q = aV + /3m' + yn' (^V = 
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and agreeing that the positive square root will bo taken for the func- 
tion p, which is not zero since I, m, n are supposed to be not all con- 
stant. If s, t are used in place of u, v, direct calculation leads to the 
following special formulas in ruled surface theory for some of the 
familiar functions of general surface theory: 


Jx 

= jSn 

— ym - 

(mn' 

— m'n)t , 

J2 

- yl - 

- an — 

ini' - 

n'l)t , 

Jz 

= am 

-01- 

ilm' - 

l'm)t , 

E 

= l-\- 

2qt + 

pH\ 

F = cos 


= sin® 

e + 2qt + 

, 


The positive sense on the director curve C is known, since the para- 
metric equations of C are known. Consistency demands that the posi- 
tive sense on all the s-curves on th(; ruled surface be that of iTicreasing 
parameter s. The positive sense on the /-curves (generators) may, of 
course, be chosen at will but is determined when the param<itric equa- 
tions (7-1) are written. The positive sense on the normal is, as usual, 
such that the direction cosines a, b, c of the normal are given by the 
formulas (4 -8). Then the tangent of an s-curve, the generator, and the 
normal at each point of a ruled surface form a left-handed trihedron. 

In the special case in which the ruled surface (7 • 1) is a developable, 
the director curve may be its edge of regression. If the director curve 
C is so chosen, each generator g coincides with the tangent of C at the 
point where g meets C, and the following specializations occur: 


0 = 0 , I — a , 


m = /3 , w = 7 , 



9 = 0. 


The next two theorems are concerned with the tangent planes at the 
points of a generator of a ruled surface. 

Theorem 1. The tangent plane at a point of a ruled surface contains 
the generator through the point. 

Theorem 2. Each plane through a generator of a nondevelopable ruled 
surface is tqngent to the surface at one, and only one, point of the generator, 
the point varying with the plane. 

The truth of the first theorem is geometrically evident when one 
recalls that the tangent plane at a point P of a ruled surface contains 
the tangent line at P of every curve on the surface through P, and 
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that tli(' gonerator through P is such a curve, which is its own tangent 
line. An analytic proof can also be constructed for the theorem. First 
write the equation of the tangent plane at any point Q of a ruled surface, 

X -X Y -y Z ~ z 
(7 -4) a I't /3 + m't y + n't = 0 . 

I m n 

Then leave the value of s the same but replace t in equations (7 1) 
by ti to get the coordinates of any point Qx on the generator through 
Q. The proof is completed by showing that the coordinates of 
satisfy equation (7 -4) identically in ty. 

To prove Theorem 2, one observes that the equation of any plane 
whatever through a generator of a nondevelopable ruled surface can 
be written in the form 

(7 5) a(A -x)+ biY - y) + c(Z - 2 ) = 0 , 

where a, b, r are restri(!ted to be not all zero and to satisfy the condi- 
tion 

(7 G) al bm + cn = 0 . 

One then inquires whether it is possible to determine t so that equa- 
tions (7 4) and (7 -5) represent the same plane. It turns out that there 
is a unique value of t satisfying this requirement, since the two equa- 
tions that express the equality of the ratios of the coefficients of 
X - X, Y - y, Z — z 'm equations (7 -4) and (7 -5) are equivalent in 
virtue of the condition (7 6). This value of t, which we do not need 
to write, corresponds to the contact point of the given plane (7-5). 
The contact points are found to be different for different planes 
through the generator, in virtue of the hypothesis that the ruled sur- 
face is not developable. 

Two skew lines in three-dimensional space have a common perpen- 
dicular, along which the shortest distance between these two lines is 
measured. This fact can be used to enrich the differential geometry of 
ruled surfaces in the following way. Let us consider, as in Figure 12, 
a generator ^ of a ruled surface R, with direction cosines I, m, n corre- 
sponding to a value s of the arc along the director curve C. Let us also 
consider a neighboring generator gy of R, with direction cosines ly, my, 
ny corresponding to a value s + As of the arc. Let X, >' be the direc- 
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tion cosine's of the line perpondicular to both of g and g^. Then wc 


have 

(7-7) 


) \l iitn vn = 0 , 
“h /<nti -}■ vtXx = 0 , 


and therefore 


(7 8) X = k{vmi — m\n ) , n = k{nl\ — nj) , v = k{lm\ — Im) , 

where fc is a proportionality factor to be determined. Each of the co- 
sines Zi, mi, ni can be expanded into a powc'r series in A.<?, 


(7 9) 


! li = I + I'As + • • • , mi = m + m'As + • • • , 
ni = n + n'As + • • • ; 


and then equations (7 8) become 

X = k[(mn' — m'n)As + •••], 
(7 10) . /! = k[{nl' — n'l)As +•••], 

V = k[{lm' — I'm) As +•••]. 



Squaring and adding these equations, we find, by Lagrange’s identity 
(I - 4 • 13) and the definition of p in (7 -2), 

1 = A:^[p*As* + •••]• 
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The ambiguity in the sign of k is romovt'd by the following convention 
with regard the positive sense on the common perpendicular: 

The positive sense on the line, perpendieulnr to the generators g and gi 
is, hij agreement, such tluit 


(7 11) 


k = 


1 

pAs 


If this value of k is substilul(‘(l in equations (7 10), they become 


(7 12) 


X = -^ (mn' — 7n'n) + 
P 


I 


M = {nV - n'l) + 


V = ■ {Ini' — I'm) + 
P 


the omitted terms containing A.s‘asafactor. Letting As approach zero, 
we obtain the following result. 

Theore.\i 8. The direeiion cosines of the lute ivhich is the limit of the 
common jierpendicular of a generator g and a neighboring generator gi of 
a ruled surface It, as </j approaches g over R, arc 


(7 13) ^ {mn' — m'n) , ~ {til' — n'l) , ^ {Ini' — I'm ) . 


This line may be called the eonimon perpendicular of the generator g 
and a ronseeutivc generator. 

VVe shall now find a function which is sometimes spoken of as the 
distaiur between eonserutive generators. For this purpose let us consider 
again two m'ighboring generators g and < 71 . Let their common perpen- 
dicular meet g in the point (.V, F, Z) and <71 in the point (A'l, I’l, Zi). 
The coordinate* Xi can be expanded into a power series in As and At, 

X, = X -h X.A.S -b X,At + ••• 

= X *1“ (a “H l't)As d” lAt ~t" ■ ■ * > 


and there are similar expansions for Yi, Zi. Then the length Ac of 
the segment of the common perpentlieular b(*twe('n g and <71 is given by 


(7 11) 


Ac = X(X, - X) -H n{Y, - Y) + v{Z^ - Z) 

^ {mn' — m'n) + • • ’jl(a + l't)As -j- I At -b 


= rAs 
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the summation being for cyclical permutations, and the function r be- 
ing defined by placing 


(7 15) r 


Evidently we have 
(7 16) 


a j8 7 

I m n 

I' mf n' 


Urn 
-> 0 


— 

As 


r . 


The function r is sometimes called the distance between consecutive gen- 
erators. The following theorem is a justification for saying that “con- 
secutive generators of a developable surface intersect.” 

Theorem 4, A ruled surface is developable if, and only if, r = 0. 

Flvidently, Ac is ordinarily an infinitesimal of the same order as 
but the theorem asserts that for a developable surface Ac is an in- 
finitesimal of higher order than As. The proof of the theorem can be 
made by considering the equation (7 -4) of the tangent plane at a point 
Q of a ruled surface and the equation obtained therefrom by differen- 
tiation with respect to t. If r 9 ^ 0, these two equations determine the 
generator through the contact point Q as the (diaracteristic of the 
tangent plane when i varies. However, the characteristic is indetermi- 
nate and the tangent plane is fixed as Q varies along a generator if, and 
only if, r = 0. Therefore in case r = 0 the surface is a developable, as 
was to be shown. 

The line perpendicular to a generator ^ of a ruled surface and to the 
consecutive generator intersects g in the point called, in the following 
definition, the central point of g. 

Definition 2. The central point of a generator g of a ruled surface R 
is the limit of the point in which g is met by the cormnon perpendicular of g 
and a neighboring generator g\ of R, as g\ approaches g over R. 

To find the coordinates of the central point Po of a generator g, we 
make the following calculation : 

0 = 2X1, = 2X1 = 2X(li - 0 = ;^ S(Yi - X){h - 1) 

= — 2[(o -|- ri)As -t" lAl -f- • • 'JirAs ■!■•••] 

Ac 

= ^ [(2al' + 12l'*)As® -I- 211'A8A1 H ] 

Ac 


(7 17) 
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Dividing through by As*/ Ac and letting As approach zero, we find 
that the value to of t, corresponding to the central poind Po of a generator g, 
is given by the formula 

(718) ^=-:S- 

p* 

If this expression for to is substituted in place of t in equations (7 1), 
the coordinates Xo, Yo, Zq of the central point Po of a generator g are 
found to be given by 


(719) Xo = x-^,l, 


Yo 


= y-p^> 


Zo = 


z — 



When the parameter s varies, equations (7 • 19) are the parametric 
equations of a curve called the line of striction in the following defini- 
tion. 

Definition 3. The line of striction on a ruled surface is the locus of 
the central points of the generators of the surface. 

The director curve C is the line of striction in case q = 0. The line 
of striction of a developable surface is the edge of regression of the 
surface. 

This introduction to the theory of ruled surfaces will be concluded 
by investigating the behavior of the tangent plane at a point of a non- 
developabh' ruled surface as the point moves along a generator. The 
central plane of a generator is defined as follows: 

Definition 4. The central plane of a generator of a ruled surface is 
the tangent plane of the surface at the central point of the generator. 

Let ip be the angle between the normal lines of a ruled surface at 
the central point Po of a generator g and at a point Q of g at an alge- 
braic distance t from Po. Then tp is equal to one of the angles between 
the central plane of g and the tangent plane of the surface at the point 
Q. We find, using the result of Exercise 4 below, that 


(7 20) 


cos ip = jj- (Jil' -1- Jom' -h Jon') 


0 * 

sin* 6 — ^ 


1/2 




^sin* 6 + 2qt + pH^j 


the details of the calculation being omitted. Elementary trigonometry 
gives 


(sin* $ 4- 2gt -f- p*t*)*''* ’ 


(7-21) 


sin ^ = ± 
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From these equations and the identity in Exercise 3 below, we obtain 

(7-22) tan <p = ±~ (t — to) , 

where to is given by the formula (7 18). The ambiguity of sign can be 
removed by the following convention with regard to the positive sense 
of rotation of the taugemt plane: 

The positive sense of rotation of the tangent plane is, hy agreement, 
such that 

(7-23) ian<p = ^{t~ to) . 

Equation (7-23) implies the following theorem. 

Theorem 5. The tangent plane at the point at —co on a generator g 
of a nondevelopable ruled surface is perpendicular to the central plane of g. 
As the point of contact Q of the tangent plane runs along g to the central 
point Po of g, the tangent plane turns through an angle x/2 into coinci- 
dence with the central plane. A.s Q runs along g from Po to the point at 
+ 00 on g, the tangent plane turns through another angle 7r/2, in the same 
direction, and becomes perpendicular to the central plane of g again. 

Stilt further information about the behavior of the ttingeiit plane' 
of a ruled surface is contaiiu'd in eciuation (7 23). The direction of 
rotation of the tangent plane, as its point of contact Q runs in the posi- 
tive direction along (he generator g, depends upon the sign of r .since 
p > 0, or, what is efiuivalent, depends ui)on the* sign of the deteTini- 
iiant in the definition (7 15) of r. The following eonclusion is imme- 
diately reached. 

Theorem 6. With the hypotheses of Theorem 5, the rotation is in the 
positive direction if r > 0, and is in the negatire direction if r.< 0. 

Thus two types of ruled surfaces arc distinguished. A ruled surface' 
may be' called positively twisted if r > 0, and negatively twisted if 
r < 0. 


EXERCISES 

1. The locus of the ne)rmal lines at the points of a generateer e)f a nondc- 
vclopable rule'd surface is a hyiK*rlie)lie: paraheilend. For a ele'vele>p!ible', the 
locus of the normal linc.s at the points of a ge'ne‘rate)r is a plane. 

2. Discu.ss Cayley’s cubic scroll, 


II - + j-' = 0 . 
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3. Prove the identity 

(7*24) p''r* ~ //’ Mil- ^ — //- . 

4. The direction cosin(>s of tlie normal to a ruled surface at a i)oiiit on the 
lino of striction are 


V // 

P' P ' P ' 

5. The line of striction on a screw surface (III 2 20) is the 2 -a\is, i.e., 
the axis of th(‘ screw. 

0. Th(‘ line of striction of a hyperboloid of on(‘ sh(‘et of revolution is the 
minimum circle on the surface. 

7. Defining the asymptotic tangent plane of a generator of a nondevelopable 
ruled surface to be the tangemt plan(‘ of the surfae(‘ at the point at infiniiy on 
th(‘ g(‘n(Tator, prove* that the* ecpiation of the* asyinj)totic tang(*nt plane is 

(7 25) imn' - m'n)(X - x) + (nV - n'l)(y - y) + (/m' - Vm){Z - z) = 0 . 

8. D(*fining the asymptotic developable of a nondevelopable ruled surface to 
be tlie envelope of the asymi)totic tangent planes of the generators of the 
surface*, investigate the asymptotic de'vele)pable* of the screw surfaeM* anel of 
the* hyperbe)le)id e)f e)ne she*et. 

9. l)i*fining the parameter of distribution of a ruled surface te) be the function 
r/p, pre)ve* that the i)aramete*r of distributiem is the* cotangent of tlie angle lie- 
tw(*e*n the* central plane of a generator and the* tange*nt jilane* of the surface 
at the point on the positive* half of the generator at unit distance from the 
central point. 

10. The product of the distanea*s from the central jMiint eif a fixed generator 
e)f a ne)nele*ve*lopable rul(*d surfae*e te) any two peiints em the g(*ne*rate)r which 
are* eieintact peiints e)f pe*r])e*ndie*ular tangent i)lane's eif the surface* is constant 
and is eepial to — rVp^. 

11. The line of striction of the ruled surface of binomials of a curve C is 
the curve C itself. At a point P of U, the central plane of the binomial is the 
re^ctifying plane e)f U, the normal to the surface is the principal normal of C; 
and the commem pe»r])endicular of consecutive* biimmials is the tangent of 
C. The parameter of distribution is — t. The rule*d surface is positively twist- 
ed if, and only if, the torsion of the curve C is ne'gative. 
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12. For the ruled surface of principal normals of a curve C, the distance 
from a point P of C to the central point of the principal normal of C at P is 


1 

P 



The common perpendicular of consecutive principal normals is parallel to the 
instantaneous axis of the local trihedron. The parameter of distribution is 

1 


T 



The ruled surface is positively twisted if, and only if, the torsion of the curve C 
is negative. 

13. At the central point of a generator of a nondevelopable ruled surface, 
the common perpendicular of consecutive generators, the generator, and the 
normal form a left-handed trihedron. The common perpendicular of consecu- 
tive generators is a tangent line of the surface and, with the generator, deter- 
mines the central plane of the generator. For a developable the common per- 
pendicular of consecutive generators is the binorinal of the edge of regression 
and hence is perpendicular to the tangent plane. 

14. If the distance between two consecutive generators of a ruled surface 
is of the second order with respect to the arc on the director curve, then the 
ruled surface Ls a developable and the distance is of the third order at least. 
If the distance is constantly of the fourth order, the distance is zero, so that 
the developable is a cone or a plane. 

15. If the parameter that varies along a director curve (7 of a ruled surface 
is Uf not necessarily arc length, and if Z, n are merely proportional to the 
direction cosines of a generator of the surface, then eejuations (7 1) still repre- 
sent the surface, although t is not necessarily the algebraic distance from the 
point -P(x, y, z) on C to the point (X, F, Z) on the generator g through P. 
In this case equation (7 18), giving the value Zo of t for the central i)oint 
of the generator becomes 

(7 *26) — nm')* + ^{mz' — ny'){mn' — mw') = 0 , 

the accent denoting differentiation with respect to u. A necessary and suffi- 
cient condition that the ruled surface be developable is 

x' y' z' 

(7 27) Z m n = 0 . 

Z' m' n' 



SURFACES 


103 


A necessary and sufficient condition that the ruled surface be a cylinder is 
(7-28) 2:(mn' - nm')* = 0. 

If the ruled surface is a dcvelopahle but not a cylinder, then the value fo of t 
for the focal point of the generator g can be written in any one of the forms 

(7 f ~ — mz' __ W — nx' _ rruc' — ly' 

^ ° mn' — nm' nV — In* Im* — mV 


for which the denominator is not zero; this developable is a cone in case 
(7 30) (x + toiy = (y + tomy = (z + ton)* = 0 ; 

the edge of regression of the developable is a plane curve in case 


(ny* - mz*)* _ (Iz* - nx*)* __ (mx* - ly*)* 
(m7i* — nm*y (nl* — In*)* ~ (Im* — mV)* ‘ 
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C3URVES ON SURFACE.S 

1. Transformation of parameters. The prinuiry purpose of this 
chapter is to study curves on surfaces, particularly certain systems of 
curves which appear naturally in investigating surfaces. Most of these 
systems are nets of eurv('s having special properties. Some of these 
nets are covariant to their sustaining surfar^es. For example, the mini- 
mal net, the asymptotic net, and the lines of curvature on a surface are 
eovariant to it, i.e., are geometrically definable in terms of it in a way 
which is invariant under rigid motion in space. 

The parametric net of curves on a surface is not necessarily covariant 
to the surface. In fact, it will be shown in this section that by a 
suitably chosen transformation of parameters the parametric lu't can 
be made to coincide with any prescribed n(‘t of curves on the surface. 
In particular, any covariant net can be made to be parametric. The 
geometry of a surface must evidently be indepc'iident of th(‘ analytical 
representation used for the surface, and hence must b(‘ indc'pendent 
of the choice of parametric net. Often the analysis employed in solv- 
ing a particular problem can be simplified by choosing the parametric 
net suitably. If the parametric net is a covariant net, then properties 
of that net are really properties of the surface itsc'lf, and so the c‘m- 
ployment of a covariant parametric net is frequently advantageous. 

Let us consider a surface S represented analytically by paramei ric 
equations of the form 

(1*1) X = x{Uj v) , y = y{u, v) , z = z{u, v) . 

Any net of curves on S can be defined by its curvilinear (Rffereiitial 
equation, 

(12) Adu^ + 2Bdudv -b Cdv^ = 0 (AC — jB* 0) , 

in which the coefficients A, B, C are functions of m, v. In particular, 
the curvilinear differential equation of the parametric net associated 
with the representation (1-1) is 

(1 3) dudv = 0 . 

104 
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It is possible to change the parameters without changing the para- 
metric net. Indeed, it will now bo shown that the irnnsformalion of 
'parameters 

(14) p = p(u) , q = q{v) {p^q„ 9 ^ 0) , 

from u, V to p, q leaves the parametric net invariant. This transforma- 
tion is effected by solving equations (1 -4) for u and v jis functions of 
p and q, respectively, and then substituting these functions in equa- 
tions (1-1). Each 7*-curve becomes a p-curve, since if i; = const, then 
q = const. Similarly, each t>-curve becomes a ij'-curvc. So the param- 
eters that vary along the parametric curves have been changed, but 
the curves themselves have not been chang(‘d at all. 

The invariance of the parametric net under the transformation 
(1-4) can also bo demonstrated in another way. Differentiation 
of (1 4) and subsequent multiplication give 

(15) dpdq = puqvdudv . 

Therefore the eejuation (1 -3) implies dpdq = 0, and hence the para- 
metric not is invariant. Moreover, similar reasoning would show that 
the transformation 

(16) p = p{v) , q = qiu) (p,q^ 7 ^ 0) 

leaves the parametric net invariant, although it interchanges the param- 
eters that vary on the two families of the net, so that w-curves become 
7 -curvos and v-curves become p-curves. 

The converse question whether the transformations (1 4) and (1 6) 
are the only transformations that preserve the parametric net is an- 
swered in the affirmative by the following theorem. 

Theorem 1. The transformations (1 4) and (1-6) are the only trans- 
formations of parameters that leave the parametric net invariant. 

The proof can be made by considering the general transformation 
of parameters, 

(1-7) p = p(tt, v) , q = q{u, v) (J = p„?, - p,q„ 9 ^ 0) , 

The effect of this transformation on the parametric net can be calcu- 
lated in the following way. Differentiation of equations (1-7) gives 

(1-8) dp = pudu -h p,dv , dq = qudu + qvdv , 
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and then multiplication results in the equation 

(1 9) dpdq — puQudu^ + (puq„ + Pvqu)dudv + Pvqvdv ^ . 

The new parametric net is therefore the net whose equation in the 
old parameters u, v is written by setting the right member of equation 
(1 -9) equal to zero. This net is the old parametric net in case 

(1 10) PuQu ~ ~ 0 , Pu(7v "1" p»9u ^ 0 . 

These conditions are satisfied if 

p» = 7u = 0 , p,.7. 5^ 0 , 

and also if 

Pu = 7.. = 0 , Pr7u 5^ 0 , 

and only if one or the other of these two sets of conditions is satisfied. 
Integration of these equations completes the proof. 

It will now be shown that the parametric net can he made to coincide 
with any prescribed net of curves on a surface. I^et a net (1 ■ 2) be given, 
and let it be required to choose a transformation of parameters (1 • 7) 
so that the new parametric net, dpdq = 0, shall coincide with the net 
(1-2). Comparison of the left member of (1 2) and the right member 
of equation (1 -9) shows that it is sufficient to take for p and q in the 
transformation (1 • 7) two independent solutions of the two partial 
differential equations 

f. , Ph% _ P»*?>- + p..7» _ 7^ 

A 2B C ’ 

when ABC ^ 0. But a case in which a denominator vanishes offers 
no essential exception, and so the following theorem is proved. 

Theorem 2. It is no restriction on a surface represented by parametric 
equations to suppose that any particular net of curves on the surface is 
the parametric net. 

The effect of the transformation (1 -7) on some of the functions in- 
troduced in the preceding chapter will now be calculated. Differentia- 
tion of equations (11) gives 

(1 • 12) Xp = XuUp -H X,Vp , Xu = JuM, + XnVq 
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and similar formulas for derivatives of y, z. Tlie result of solving equa- 
tions (18) for du, dv is 

(1 • 13) dw = j (7t.dp - Vr ^) . = J {-Qudp + p„dg) , 

where J is defined in equations (1 • 7). But if u, v are regarded as func- 
tions of p, q, direct differentiation yields 

(1 • 14) du = Ufdp + u^dq , dv = v^dp + Vgdq . 

Comparing (1 • 13) and (1 • 14), we obtain 


(1 15) 



and therefore have 


(116) 


UpVg - UgVp = 


1 

J‘ 


Transformed functions being denoted by the usual letters with dashes 
above, the following formulas can be established by actual calculation, 
the details of which will not be reproduced here : 


(117) 


/. = y (i=l,2,3), 

E = Eul + 2FupVp -f- (ii'l, 

F = EupUg -|- F{upVg + UgVp) -f GvpVg , 

Vr = + 2FugVg + Ovl , 

_ 

a = +a , b = +b , c=+c, 


the upper of the ambiguous signs being used when J > 0, and the 
lower when / < 0. 

The invariance of the direction cosines a, b, c of the normal at a 
point of a surface under transformation of parameters is the analytic 
equivalent of the fact that the normal is covariant to the point and 
the surface, and does not depend, except for its sense, on the para- 
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metric curves. It may be observed that the jacobians J, and the dis- 
criminant II are relative invariants, while the first fundamental coeffi- 
cients E, F, G are not even relative invariants. There are many func- 
tions which are absolute invariants under transformation of param- 
eters. Three e.xamples of such functions are listed in the first three 
exercises below. The demonstrations by direct calculation may be 
somewhat laborious, but there are more elegant methods of confirm- 
ing* the invariance. 

KXKHCISKS 

1. The first differential parameter A\<p of a function (pin, v), defined l)y 

(1 18) Ai<p - ^ (AV? — 2F<pv<Pu + 0(pl) , 

is an absolute invariant under the transformation (1 7) of parameters. 

2. The mixed differential parameter Ai(<p, 4^) of two functions tp(ii, v) and 
\p{u, v), defined by 

(1 19) Ai((p, ^ [E<pv4/i, — F{if>v4ru + •Pu'fip) + , 


is an al)solutc invariant under transformation of parameters. 

3. Tlie second differential parameter A^ of a function ip («, r), di'fined by 

ri oft^ A _ -ir I'vA , — F<pv \ 1 

(120) // /,+ V n )u\’ 


is an absolute invariant under transformation of parameh'rs. 

4. Verify the following formulas: 


(1 21 ) 


A A 

A\U — , AiW — , 
A,nAiV — Aitw, v) = , 


Ai e 

AiwAii; — A*(m, v) ’ 

_ Ai(m, v ) 

AiuAiV — A^w, v) ’ 


G 


AiM 

Ai7xAiP — Ai(m, v) ■ 


Ai(n, v) 


-Z. 

IF' 


* Eisenhart, Differential Geometry, pp. 84-89. 
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5. If a transforinatiun of j)aram(*t(*rs is niadi* so that tli(* two fstnilies whose 
eciuations in the old jjaraineters u, v arc 

<p(,u, v) = const. , \f/{u, t>) = const. 

I^ecomjp the new paraiiU'tric curves, then the new fundamental coefficients 

F, (} are Riven by the formulas 

J; ^ 

T5 A|f<p, 4>) _ 

- A](,p, ]p) ’ 

Q _ 

AiveAi^ — Aflifi, ■ 

C. The first fundamental form (III 3 2) is ftbsolutely inmrinnt under 
transformation of parameters. 

7. The parametric curves on the revolute (III 2 15) arc not chang(‘d by 
the transformation of parameters 

(123) P = £* ,7 0 +/'-)>' 

under which the first fundamental form for this surface becomes 
(1-24) wW + df/-). 

2. Minimal curves. Hitherto nil the variables and functions enter- 
ing into the discussion have been .supposed to be real, but in certain 
parts of the theory of curves and surfaces it is verj' convc'iiic'nt to 
permit the introduction of imaginary values. Without attempting to 
treat the subject of complex curves and surfaces exhaustively, we shall 
in this section consider briefly one type of imaginary curves called 
minimal curven, which are of great interest in some parts of the theory 
of surfaces. These considerations will lead to the introduction of some 
ideas from projective geometry at the close of the section. 

Returning to the definition of a curve (Chap. I, Sec. 2, Def. 1), let 
us permit the parameter t to range over a suitabh' region of the com- 
pl(‘X plane, and also permit the coordinates x, y, z to take on complex 
values. The inequality (I 2-2) can now be dropped, and the definition 
of a minimal curve can be stated as follows: 
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Definition 1. A minimal curve is a nonsingular curve for which 

(21) I'* + J/'* + 2'2 = 0 

It is at once evident that a nonsingular curve is a minimal curve if, 
and only if, ds = 0. Certainly, minimal curves must be imaginary. 
That such curves exist is easily established. Indeed, the equations 



(2 2 ) 


z = ^(1 - c^)t + Cl , !/ = 2 (1 + + <"2 > 


z = ct A- C3 


(1-^= -1), 


in which c, C\, Ci, Cj are constants and / is a variable, represent a mini- 
mal straight line, as is easily verified. Moreover, the equations 


(2-3) 


x = Ki-<^)r + r-/, 

2/ -</'+/], 

z=^tr-r 




in which / is any function of the variable t such that 0, repre- 
sent a minimal curve. The problem of reducing the equations of any 
minimal straight line to the form (2 2), and of showing that the equa- 
tions of any nonroctilinear minimal curve can be written in the form 
(2-3), need not be discussed* here. 

Returning now to the definition of a surface (Chap. Ill, Sec. 1, 
Def. 1), let us permit the parameters u, v to range over a suitable re- 
gion of the complex plane, and also permit the coordinates x, y, z to 
take on complex values. Since a necessary and sufficient condition 
that a nonsingular curve be a minimal curve is ds = 0, it follows that 
the minimal curves on a surface are those curves for which the first 
fundamental form vanishes. Thus we reach the following conclusion. 

Theorem 1. The curvilinear differential equation of the minimal 
curves on a surface (1 • 1) is 


(2 4) Edu^ -I- 2Fdudv + Gdv^ = 0 . 


Tangents of minimal curves may be called minimal tangents (see 
Ex. 3 below). If a surface is such that 11 ^ 0, the minimal curves 


* Ibid., pp. 47-49. 
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form a net called the minimal net on the surface. Inspection of equation 
(2 • 4) makes the truth of the following statement evident. 

Theorem 2. Necessary and sufficient conditions that the minimal net 
on a surface be parametric are 

(2-6) = G = 

By way of illustration let us suppose that the surface under con- 
sideration is a plane, and take it for the plane z = 0. In cartesian 
coordinates x, y the curvilinear differential equation of the minimal 
curves in the plane z = 0 is 

(2 6) dx^ + dj/* = 0 . 

This equation is equivalent to two linear differential equations, the 
integrals of which can be written in the form 

(2-7) x+iy = p, X -iy = q (i* = -1) , 

in which p, q are arbitrary constants. Thus the following theorem is 
proved. 

Theorem 3. The minimal curves in a plane constitute two one-param- 
eter families of straight lines. 

If equations (2 -7) are solved for x and y, the resulting equations, 

(2-8) x = Up + Q)y y = l(q-p), 

are parametric equations of the xy-plane for which the minimal lines 
are parametric. In fact, direct calculation with p, q in place of u, v 
gives 

E = G = 0, F = 

For a second illustration let us suppose that the surface under con- 
sideration is the sphere (III 2-11). The curvilinear differential equa- 
tion of the minimal curves on the sphere can be written in the form 

(2 9) CSC* wdu* + dt;* = 0 . 

This equation is equivalent to two linear equations, whose integrals are 


(2 10 ) 


p = e*' tan | , 


q = e”'” tan ^ 


(t" = -1) , 
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where p, q arc arbitrary constants. If these e(inations arc solved for 
u, V as functions of p, q, and if these functions arc substituted in equa- 
tions (III •2- 11), new parametric equations of the sphere arc obtained, 
namely. 


(2 11 ) 


rjp -t- q) 

1 + pq ’ 


_ irjq - p) 

1 + pq ’ 


^•(1 - P fi) 
l+PY ■ 


That the minimal net is the parametric* net for this representation can 
be verified by calculating the first fundamental coefficients with p, q 
in place of u, v. The result is 


E = G = Q, 


F = 


2r^ 

(1 + pqY ■ 


The following theorem affords an insight into the nature of Hk* mini- 
mal curves on the sphere. 

Tiikorkm 4. The tninimal curves on a sphere are the two one-param- 
eter families of (imaginary) reehhnear generators on the sphere. 

To demonstrate this theorem, it is sufficient to deduce from the im- 
plicit cfiuation of the sphere. 


Of ‘>1 

.1- -1- ?/- -f = j- , 


the equations of the rectiliiu'ar generators, namely, 

.r 4- fy _ r — ^ _ x — iy _ r — z _ 

r-\-z~x-7y~^' r z x ly ^ ’ 

in which p, q are parameters, and then to show that the n’sult of 
solving these ('quations for x, y, z as functions of p, q is precisely ecpia- 
tions (2-11). 

Certain notions from analytic projective geometry are quite useful 
in interpreting some of the formulas of metric differential geometry. 
One of the most important projective invariants is eross ratio, which 
may be defined as follows: 

Definition 2. The. eross ratio r of four numbers a, h, e, d, in the 
order named, is defined by the formula 


c — a d — b 
c — b d — a’ 


(2 12 ) 
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Definition 3. In rase r = — 1, the pairs a, b and c, d are said to 
separate each other harmonically. 

Definition 4. The cross ratio of four coplanar concurrent lines is 
defined to be the cross ratio of their coordinates in a suitable coordinate 
system in the flat penal to which the lines belong. 

For example, the cross ratio of four lines in the xy-planc and through 
the origin is tlu' cross ratio of their slopes. Again, the cross ratio of 
four lines in the tangent plane at a point of a surface and through the 
point of contact is the cross ratio of their directions dv/du. Tlu; notion 
of harmonic separation can be carried over to four lines of a flat pencil, 
l^he following theorem will now be proved. 

Theorem 5. A nece.ssary and sufiment condition that two intersecting 
lines be perpendicular to each other is that they separate harmonically the 
two minimal lines in their plane and through their point of intersection. 

For convenience let the two lines lie in the ly-plane and pass 
through the origin, and let their slopes be m, n. The slopes of the 
minimal lines through the origin in the ariz-plane are i, —i. Direct 
calculation n'duces the condition of harmonic separation, 

(2.1.3) ^.2+4= 

m + t n — t 

to the condition of orthogonality, 

(214) mn+ 1=0. 

Simple calculations, which need not be reproduced here, suffice to 
prove the following theorem. 

Theorem 6. The two roots in dv/du of the quadratic equation 
(2 - 15) Adw* + 2 Bdudv + CW = 0 {AC - 9 ^ 0) 

separate harmonically the two roots of the equation 
(2 • 16) Ldu^ + 2Mdudv + Ndv^ = 0 {LN - 9 ^ 0) 

if, and only if, 

(217) AN - 2 BM + CL = 0 . 

The function in the left member of equation (2 • 17) is given a name 
by the following definition. 
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Definition 5. The function 
(2 18) AN - 2BM + CL 

is called the harmonic invariant of the two binary quadratic forms in the 
left members of equations (2 15) and (2 16). 

It is known, in fact, that the harmonic invariant is a relative in- 
variant of the forms under the most general linear homogeneous trans- 
formation of the variables of the forms. An immediate corollary of 
Theorem 6 will now be stated. 

Theorem 7. At a point of a surface the two tangents of one net sepa- 
rate harmonically the two tangents of another net tf, and only if, the har- 
monic invariant of the two forms in the curvilinear differential equations 
of the nets vanishes. 


EXERCISES 

1. The locus of all the minimal straight lines through a fixed point is a 
quadric cone with its vertex at the point (called the isotropic cone at the point). 
The equation of the isotropic cone at the origin is 


x^ + y^ + z^ = 0. 


2. The distance between any two distinct finite points on a minimal 
straight line, calculated by the usual distance formula, is zero. Similarly, the 
arc length between two points on a minimal curve is zero. 

3. The tangent lines of a minimal curve are minimal straight lines. 

4. The osculating planes of a minimal curve are isotropic planes (char- 
acterized by the condition a* -|- 6* + c* = 0, the equation of a plane being 
ax + by + cz d = 0). 

5. Find the equations of transformation from the meridians and parallels 
to the minimal curves on the revolute (III 2 15). 

6. The cross ratio of four numbers oi, • ■ • , 04 is equal to the cross ratio 
of the four numbers b\, • • • ,hi into which Oi, • • • , 04 are transformed by 
any linear fractional transformation, 

(219) ii = l ,---, 4 ; AD - BC ^ 0 ). 

7. The tangent plane at a point P of a sphere intersects the sphere in the 
two minimal straight lines that lie on the sphere and pass through P. 
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3. Angles between curves on a surface. When two curves on a 
surface intersect at a point P, it is customary to say that the angle 
between them is the angle between their tangents at P, However, 
there is ambiguity as to what is meant by the angle between the tan- 
gents, unless it is defined more precis<;ly . When a surface is represented 
analytically by its parametric equations (1 1), the positive sense on 
ea(!h of the parametric tangents and on the normal at a point of the 
surface has already been defined. Moreover, when a curve on the sur- 
face is represented analytically by its curvilinear parametric equa- 
tions, the positive sense on its tangent at any one of its points has 
been defined. For the purpose of formulating a precise dc'finition of 
the angl(‘ Ix'tween two tangents at a point of a surface, a positive sens(‘ 
of rotation in the tangent plane of the surface at th(‘ point is assigned 
by the following convention : 

In the tangent plane ai a point P of a surface represented hy the 
parametric equaiions (1 1) the positwe sense of rotation about P is, by 
agreement, the sense in which the positive half of the u-tangent can be 
rotated through an angle less than t mto the positive half of the v-tangent. 

The angle between the parametric tangents, or, more precisely, the 
angle from the u-tangent to the v-tangent, at a point of a surface is 
defined as follows: 

Definition 1. The angle w between the parametric tangents at a point 
of a surface represented by the parametric equations (1 1) is the smallest 
angle from the positive half of the u-tangent in the positive sense of rota- 
tion to the positive half of the v-tangent. 

The angle w just defined satisfies the condition 

0 < W < TT . 


The equations (III -4 3) for the direction cosines of the parametric 
tangents, and elementary trigonometry, can be used to establish the 
formulas 


(3 1) 


cos W = 


_F_ 

AC” 


sin w = 


AC ’ 


in which H is defined by (III -3 -6) and A, C by (III 3 -4). The angle 
0 ) is acute or obtuse according as F > 0 or F < 0. If F = 0, then 
0 ) = ir/2, and the parametric curves intersect at right angles. The 
definition of an orthogonal net of curves will now be stated. 
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Definition 2. An orthogonal net of mrves on a surface S is a net 
such that at each point of S the two curves of the net intersect at right 
angles. 

The following conclusion is immediate. 

Theokem 1. A necessary and sufficient condition that the parametric 
net on a surface be orthogoml is F = 0. 

The foregoing considerations can be generalized from the para- 
metric net to any net whatever on a surface. L(‘t us consider, on a sur- 
face represented by the parametric equations (1‘1), two curves C 
and Cl intersecting at a point F. Let the curvilinear parametric equa- 
tions of C and Ci be, respectively, 

(3 2) u = u(s) , V = v{s) ; u = Wi(si) , v = ViCsi) , 

the parameters s, Si being arc lengths and the subscript 1 referring 
always to the curve Ci. The angle between the tangents of C and C’l, 
or, more precisely, the angle from the tangent of Ci to the tangent of 
C, at P is defined as follows : 

Definition 3. The angle 6 between the tangents of two curves C, Ci in- 
tersecting at a point P on a surface is the .smallest angle from the positive 
half of the tangent of Ci in the positive sense of rotation to the positive 
half of the tangent of C. 

The angle 6 just defined satisfies the condition 

0^e<2ir. 


The direction cosines of the tangents of the curves C, (7i at the point P 
are given by 


(3 3) 


du , dv 


dui , dvi 


and symmetric formulas for /3, /3i, y, yi. Therefore cos 6 and, by ele- 
mentary trigonometry, sin 6 can be calculated. The results are 


(3 4) 


cos 6 = 
sin 6 = 


dsdsi 


[Edudui -f F{dudv\ -f duidv) -j- Gdvdv \] , 
{dudvi — duidv ) , 


provided that the sign of sin d is properly chosen. The reason for the 
choice made may not be evident a priori, but the sign chosen will be 
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shown to bo the correct one by specializing the curves Ci and C to be 
the u-cuTve and the w-curve, respectively, at tins point P, 

If the curve Ci is specialized to be the u-curve at the point P, we 
have 


(3 -.5) 


di’i = 0 , dsi = Adui , 


and th(‘r(‘fore equations (3 4) reduce to 


(3 G) 


. E du , 

cos d = -r -j [- 

A ds 


F ^ 
A ds ’ 


sin 0 = 


Hdv 
A ds 


Incidentally, eh'nieiitary trigonometry gives in this case 


(3 7) 


tan 6 = 


Ildv 

Ed II + Fdv ’ 


a formula that will be useful later on. If now tlu* curve C is specialized 
to Ik* the t>-curvc at P, the resulting simplihcations, 

du = 0 , ds = Cdx ' , 

reduce c(iuations (3 6) to e(iuations (3-1), as they should do, since 
now 0 = u. The first of equations C3 4) implies the following theorem. 

Thkokem 2. A neri'ssary and sufficient condition that two ciuvcs on a 
surface be perpeiulicular to eivh other at a point of interseetion P is that 
the directions dv/du, dvi/dui of the two curves at P satisfy the equation 

(3 8) Edudui + F{dudVi + du\dv) + (rdi'dr\ = 0 . 

The biliiK'ar form in the left member of this ecpiation is known as 
the polar form of the first funilamental form with respect to the vari- 
ables dui, dvt. Theorem 2 <!an be used to establish the following result, 
TitEOiiEM 3. A neeessary and sufficient condition that a net (1 2) he 
an orthogonal net is 

(3-9) Aa - 2BF + ('E = 0 . 

The d(‘monstration may be made by dividing equation (3 8) by 
dudui, by supposing that dv/du, dvi/dui are the roots of equation 
(1'2), and by making use of the well-known formulas for the sum 
and product of the roots of a quathratic equation in terms of the coeffi- 
cients of the eijuation. 
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Inspection of equation (3 -9) and reference to Theorems 5 and 7 of 
the preceding section suffice to demonstrate the following theorem. 

Theorem 4. A necessary and sufficierU condition that a net of curves 
on a surface be an orthogonal net is that at each point of the surface the 
tangents of the net separate the minimal tangents of the surface harmoni- 
cally. 

In order to discover a formula for the element of area dA of a surface', 
we may proceed intuitively as follows. As in Figure 13, let us think 



of dA as a small parallelogram bounded by two li-curves corresponding 
to constant values of v and v + dv, and two t'-curves corresponding 
to constant values of u and u + du. Two adjacent sides of the parallel- 
ogram are d.s“, ds”, and the included angle is u. Consequently, the 
area dA of the parallelogram is given by 


(3 10) dA = sin <ods“ds'’ = Hdudv . 

The area A of a region of a surface may be found by evaluating with 
suitably chosen limits tin' double integral in the formula 


(3 11) 




Hdudv 


For a different approach to the problem of calculating the area of a 
region of a surface, and an analytically rigorous deduction of th(' for- 
mula (3 11), the reader may consult Goursat-Hedrick, Mathematical 
Analysis, I, 272. 
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EXERCISES 

1. Calculate the area of a sphere by means of the integral (3 11). 

2. Prove that, on a surface (1 1), any one-parameter family of curves 
represented by the curvilinear differential equation 

mdu + ndv = 0 , 

in which tw, n are functions of n, y, has a family of orthogonal trajectories 
represented by the eejuation 

(3 12) (En — Fm)du + {Fn — Gm)dv = 0 . 

3. On the screw surface (III 2 26) the curves represented by the curvi- 
linear differential equation 


dii^ — = 0 


form an orthogonal net. 

4. Find the curvilinear differential equation of the curves crossing the 
gfmerators of a developable surface at a constant angle, and check the result 
by showing that the equation is that of the involutes of the edge of re^gression 
of the developable when the angle is a right angle. 

5. The curvilinear equation of the curves (called loxodrome.^) crossing the 
meridians of a revolute (III 2 15) at a constant angle a is 

A 1 

(3 13) V cot = I - (1 +/'")' ‘da + r (c = const.) . 

./Wo 

6. The equation of the loxodroines on a sphere (III 2 11) is 

(3 14) V cot (I = log tan -f c fr = const.) 

7. If a man (regarded as a point) on a spherical earth of radius r starts 
from the point (?<o, 0) and crosses the meridians of longitude at the angle 
7r/4, how far has he traveled when he has reached the latitude u = 7/0 + 7r/2? 
How far has he traveled when he has crossed all the meridians once? IIow’ 
far when, and if, he has reached the South Pole? 

8. A cone of revolution of acute semivertical angle a, about the 2;-axis and 
with its vertex at the origin, is represented by the parametric equations 

(3 15) X = w cos V sin a , ?/ = 7/ sin v sin a , z = u cos a . 
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The curvilinear equation of the curves on the upper nappe of this cone which 
cut the generators at a constant angle a is 

(3 16) u = (h = const.; k = sin a cot a) . 

Prove that the orthogonal projections of these curves onto tlie xy-plsniQ are 
logarithmic spirals. 

9. Prove that the curvilinear ('qiiation of the orthogonal traj(*ctori(*s of the 
generators of a ruled surface (III 7 1) is 

(3 17) ^ ^ I ^ ~ const.) . 

Hence prove that any two orthogonal trajectories intercept a constant dis- 
tance on all generators. 

10. A necessary and sufficient condition that two families of curves, 

(3 18) (piuj r) = const. , ^(?/, v) = const. , 

form an orthogonal net on a surface is A\((pf xp) = 0 (so(» S(‘c. 1, Ex. 5). 

11. If a family of curves, <p{Uj v) = const., has the projierty tliat A>i((p) = 
0 (see Sec. 1, Ex. 3), then the orthogonal trajectory's of these* curves can be 
found by integrating the system of partial diffen*ntial equations 

(3 19) \pH = Jj (f (pu E^v) j = Yf f tpr) . 

The family, ^(w, v) ~ const., of orthogonal traj(*{‘tories also has the property 
that Anxp — 0. 

12. If the two families (3 18) are such that equations (3 19) are satisfied, 
then 

(3-20) Ai(<p,xP) = 0, Ai^ = Ai^. 

If these families w'cre taken for tlie parametric curves, it would be true tliat 

p = 0, F = (?. 

13. If an isothermally orthogonal net is defined to be a net such that there 
exists a transformation of parameters which makes it parametric and also 
makes F = 0, F == 6^, prove that necessary and sufficient conditions that the 
parametric net be isothermally orthogonal are 

(3-21) F = 0, (log^)^^ = 0. 

(Parameters for which F — 0, E = G may be called isothermic parameters,) 
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14. Conditions (3 20) are sufficient that the two families (3 18) form an 
isothermally orthogonal net. The conditions 

(3-22) = A,(v») = 0 

are also sufficient therefor. 

15. Necessary and sufficient conditions that the two families (3 18) form 
an isothermally orthogonal net are 

(3 23) A,(vj,i^) = 0, ^ = /(^), 

where / is an arbitrary function. 

16. If the parametric net, dudv = 0, on a surface is isothermally orthog- 
onal, with F — 0, E = Gf then equations (3 *19) become 

(3 24) ij/u = <pv , yf^v = *pu • 

Hence show that other isothermally orthogonal nets on the surface can be ob- 
tained by taking for (p, yp in equations (3 18) the functions yp defined by 

(3 25) ^ 4- = f{u + iv) (i* = -1) , 

where / is an arbitrary function. 

17. If a complex variable on a surface is defined to be ^ 4* wp^ where the 
families 

(p{u, v) = const. , }p{Uf v) = const. 

constitute an isothermally orthogonal net, then the equations of the most 
general isothermally orthogonal net on the surface can be obtained by equat- 
ing to arbitrary constants the real and imaginary components of an arbitrary 
function of the complex variable tp + iV' the surface. 

18. The meridians and parallels on a surface of revolution constitute an 
isothermally orthogonal net. 

19. The rectilinear generators and the circular helices on a screw surface 
constitute an isothermally orthogonal net. 

20. In the xi/-planc the lines x = const, and the lines y = const, form an 
isothermally orthogonal net, as do also the lines 6 = const, and the circles 
r = const, of an ordinary polar coordinate system with pole at the origin and 
with the polar line along the a;-axis. 

21. A system of confocal ellipses and hyperbolas forms an isothermally 
orthogonal net in a plane. 
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22. If the minimal curves constitute the parametric net drtdv = 0, on a 
surface, the transformation 

(3 26) U = p + iq , V = p — iq 

makes the new parametric not, dpdq = 0 isothermally orthogonal. 

4. Asymptotic curves: the second fundamental form. The asynij)- 
totic curves, or simply the asymptotics, on a surface have various char- 
acteristic properties, and hence may be defined in different ways. As 
defined below, they are covariant to the surface both in metric and in 
projective geometry. Their curvilinear differential equation leads to 
the definition of the second fundamental form, and in studying some of 
their properties the so-called Weingarten differential eqiiations are in- 
troduced. 

Definition 1. A curve C on a surface S is an asymptotic curve in 
case at each point of C the osculating plane of C coincides with the tangent 
plane of S. 

The tangents and directions of asymptotic curves are calk'd asymp- 
totic tangents and asymptotic directions, resp(“ctiv('Iy. Tin* reason for 
the name asymptotic will be found in Theorem 1 in Section 4 of Chap- 
ter V. Two theorems will now be demonstrated by synthetic argu- 
ments. 

Theorem 1. Every straight line on a surface is an asymptotic curve. 

Theorem 2. On a plane every curve is an asymptotic curve. 

Theorem 1 may be demonstrated by first observing that the tangent 
plane of a surface S at a point P of a straight line on S contains the 
line, since it contains the tangent line at P of every curve on »S through 
P, and the straight line is such a curve, which is its own tangent line 
at P. Moreover, the tangent plane also osculates the line at P, since 
every plane through a straight line is an osculating plane of the line. 
The second theorem is proved by remarking that the osculating plane 
at a point of a plane curve is the plane of the curve, and that the plane 
is its own tangent plane at every one of its points. 

In deducing the curvilinear differential equation of the asymptotic 
curves on a surface, the first step is to write the equation of the osculat- 
ing plane at a point of any curve on a surface. Let us consider a surface 
S with the parametric equations (1 • 1), and on S a curve C defined by 
the curvilinear parametric equations 


u = u(f) , 


V = v(t) . 
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Let (X, Y, Z) be a variable point on the osculating plane at a point 
P(x, y, z) of C. Tlnm the equation of the osculating plane of C at P is 

(4 1) (X - x,x\x") =0, 

in which a determinant is indicated by writing only a typical row with- 
in parentheses, the other two rows being obtained by replacing X, x 
by y and then by Z, z, and in which x', x” are total derivatives 
given by 

+ a:,.' (x' = I , . . , 

JfuuU'' + 2XuvU'v' + x^„v'^ + X„u'' + XvV” . 

At the point P the osculating plane of the curve C and the tangent 
plane of the surface N already have in common the tangent line of C. 
These planes will coincide in case the osculating plane contains one 
other line through P in the tangent plane. Ordinarily both the M-tan- 
gent and the e-tangent at P are distinct from the tangent of C, and 
certainly one or the other of them must be. Lc't us suppose that the 
M-tangent is distinct from the tangent of C. The paramcdric equations 
of the u-tangent can be written in the form 

(4 3) X = a: -1- , Y = y y^w , Z = z + z„w , 

in which u) is a parameter. If the expressions for x', x”, X in equations 
(4 2) and (4 3) are substituted in equation (4 1), the result can be 
reduced by elementary properties of determinants to the following 
necessary and sufficieni condition that the curve C be an asymptotic curve, 

(4 -4) (jr„, Xv, XuuU'^ + 2xu„u'v' + x„yv'^) = 0 . 

If three functions L, M, N are defined by the formulas 

L 'jj (Tuu, x„, ar„) , il/ = -jj (rim, Xu, x^) , 

(4-5) ^ 

A "jj (ar,.,., Xu, a*,.) , 

then equation (4 -4) can be reduced to the curvilinear differential equa- 
tion of the asymptotic curves on a surface, 



(4-6) 


Ldu^ -f 2Mdudv + Ndv’^ = 0 . 
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The way is now prepared to define the second fundamental form. 

Definition 2. The second fundamental form is the form in the left 
member of equation (4-6). 

The coefficients L, M, N of the second fundamental form are soim*- 
times called the second fundamental coefficients in the theory of surfaces. 
It will be recalled that the direction cosines a, h, c of the normal at a 
point of a surface are Riven by 


(4-7) 


^ ~ iVu^v Vv^u) I ^ ~ H t 


1 




Therefore the definitions (4 5) are equivalent to 


(4 * 8) Jj — ^ax^yi f hf — ^ax^T > hi * ^aXy^ ^ 

the summation being for terms obtained by replacing a, x by h, y anti 
then by c, z. Still other useful formulas can be deduced for L, M, N. 
By direct substitution from the formulas (4 7) for a, b, c, it is easy to 
verify the identities 

(4 9) = 0 , ZaXf = 0 , 

which express analytically the orthogonality of the normal and tin* 
parametric tangents at a point of a surface. Differentiation of etpia- 
tion (4 9) leads to 

{ 2ai», + = 0 , Sax*, + Sa,x* = 0 , 

SaXfi, “b SOfiX, ™ 0 I Sax,, Sai^, ™ 0 . 

Therefore the formulas (4 8) are equivalent to 


{ L Sa*Xii f Af Sa,X|| •“ SauX, ^ 

N = -So,x, . 

It is not difficult to deduce the effect of a transformation of param- 
eters Cl -7) on the second fundamental coeflicients L, M, N. One way 
to do this is based on the formulas (4 • 8) for L, M, N. The last three 
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of th<‘ funnulus (1 -17) givo the offtict of the tranKforination (1 7) on 
th<‘ (lin'ction oosineH a, b, f. From the (‘ulculus we have the formulas 

^pp I 1 ^('vv^p ^u^pp ^fVpp } 

^P9 I ' I UgVj^ I SC^yVpV^ X^tipq XyVpq f 

■” I 2X|4|i'M^Vy 1 XyyVq | XpUgq XyVqq 

and similar formulas for y, z. Then forming the expressions analogous 
to (4 8) for Tj, M, we fiinl 

rj= ± {Lul + 2il/Mpi;p + Nvl) , 

M — ±[LupUq + Af{upVq + UqVp) 4- A't'pi’J , 

N = ± (Am* + 2iVM,», + Nvl) > 

the upper of the ambiguous signs being used when the jacobian J of 
the transformation (1 7) is positive*, and the lower when J is negative, 
Aceording to Th(*or(*m 2 above, if the surfaee under consideration is 
a plane, then every curve on it is an asymptotic curve, i.e., the asymp- 
totic curve's are indete*rminate, and the>refore L = 0, M = 0, N = 0. 
Ane)the*r way to reae*h the same conclusion is to start with parametric 
e*eiuatie)ns e)f the* j/y-plane in the fe>rm 

J = M, y = V, 2=0, 

anel te) show by actual calculatiem that fe)r this representation we have 
L — 0, M = 0, JV = 0, conditions that are invariant under any trans- 
formation of parameters, as well as under any rigid motion of the 
plane in space. 

Conversely', if L = 0, Af = 0, AT = 0, the asymptotic curves are 
indeterminate and the question arises whether the surface under con- 
sideration is a plane. An affirmative answer is furnished by the follow- 
ing theorem. 

Theorem 3. Necessary and sufficient conditions that a surface be a 
plane are 

(412) L = JW=Ar = 0. 

The necessity was proved above. In proving the sufficiency it will 
be convenient to use the so-called Weingarten differetUial equations, 
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which will now be deduced. It is easy, by direct substitution, to verify 
the identities 

f H{qfu - bzu) = Fju - , 

(4 13) \ 

- bZv) = (rJCu - FXv , 


and four others arising from these by circvxlar permutations. More- 
over, differentiation of the relation 

(414) o2 + b* + c®=l 
produces the equations 

(415) 2aa„ = 0, 2aap = 0 . 


Equations (4 11) and (4 15) can be grouped into two stds of three 
equations each, each set being writteix in a column as follows: 


(4 16) 


L , 

- = -M, 

Surtu = 0 ; 


= “ 'V , 

2Ji.ap = —N , 

2aa* = 0 . 


The first set can be solved for ft*, 6*, r», since the determinant of the 
coefficients reduces to the function II, which is not zero. Similarly, 
the second set can be solved for a,, r,. The result of the solution 

is that not only a, x but also b, y and c, z satisfy the following equa- 
tions, which are called the Weingarten differential erfnatimis: 


(4 17) 


{FM - aL)xu + ~ {FL - EM)x , , 
a. = {PN - C?A/)x„ + ^ {FM - EN)x , . 


It is evident from these equations that if L = 0, A/ = 0, AT = 0 for 
a surface, then a, b, c are constant. By means of equations (4 9) with 
a, h, c constant it is easy to show that the tangent plane at a point of 
the surface is fixed when the point varies on the surface. Therefore 
the surface is a plane, as was to bo proved. 

The asymptotic curves on developable surfaces have a special prop- 
erty, which is incorporated in the next two theorems. 
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Tiieorkm 4. The asymptotic curves on a developable surface not a 
plane form only a one-paramder family {counted twice) and coincide with 
the generators of the surface. 

Thkorbm 5. If the asymptotic curves on a surface form only a one- 
parameter family, the surface is a developable not a plane. 

Tho proof of Theorem 4 is accomplished by direct calculation. 
Usinj; the equations (III 6 1) of the tangent developable of a curve 
and substituting in the definitions (4 -6) with s, t in place of u, v, 
we find 

(418) L=±-, M = 0, N = 0, 

pr 

on the assumption that the developable under consideration is not a 
cone or cylinder. Since by hypothesis the developable is not a plane, it 
follows that L 5 ^ 0, and so the differential equation of the asymptotics 
becomes ds* = 0. Conseqmuitly the asymptotics on the developable 
are the generators counted twice. Incidentally, it is easy to verify 
that LN — ilf* = 0 for the developable (III 6 1) and that this equa- 
tion is invariant under the transformation of parameters (1‘7). The 
arguments for the .cone and for the cylinder present no essential dif- 
ferences from the foregoing, and the same conclusion can be obtained 
for them. 

To prove Theorem 5 let us observe that the hypothesis of this theo- 
rem is equivalent to supposing that LN — AP = 0 while not all of 
L, AI, N vanish identically. Hence the surface is not a plane. Let the 
family of asymptotics Iw taken for the e-curv’es ; then V = 0 and there- 
fore AI = 0. The second of the Weingarten differential equations 
(4 17) tells us that a, = 0, 6, = 0, c, = 0. Therefore the tangent 
plane is fixed when v varies, st) that the surface has only a one-param- 
eter family of tangent planes and must be a developable, as was to 
be proved. 

Ijct us now restrict attention to those surfaces for which LN — AI* 
docs not vanish identically. If a real surface (or portion of a surface) 
with real parameters is such that LN — AI* < 0, the asymptotic 
curves arc real; where LN — AI* > 0, the asymptotics are imaginary. 
If LN — AI* happens to vanish at a point on a surface while not 
vanishing identically, such a point is called a parabolic point. Ordi- 
narily, the conditional equation LN — AI* — 0 defines a curve which 
is the locus of parabolic points on a surface. This curve is called the 
parabolic curve on the surface and separates the region where the 
asymptotic curves are real from the region where they are imaginar y. 
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Moreover, it may happen that L, Af, N vanish simultaneously at one 
or more points on a surface but do not all vanish identically; such a 
point is called aflat point, or a planar point, on the surface. 

The truth of the following statement is evident on inspection of the 
equation (4-6) of the asymptotic curves. 

Theorem 6. Necessary and suflicient conditions thai the asymptotic 
net on a nondevelopabk surface be parametric are 

(419) L^N-=0, A/?^0. 

The question may arise whether it is possible for the asymptotic net 
and the minimal net on a surface to coincide. Necessary conditions 
that they coincide on a surface not a plane are 

L=-hE, M = hF, N = hG (.h ^ 0) , 

where A is a proportionality factor, which will now be proved to be a 
constant. Let the net under consideration be taken for the parametric 
net. Then E — 0, G = 0, L — 0, N — 0, so that the Weingarten 
equations (4 • 17) become 

(4-20) a„ = —hxu, a, = — Ai, . 

If the first of these equations is differentiated with respect to v and 
the second with respect to u, and the results compared, we obtain 

h^x„ **“ h„Xj[i . 

This equation is also satisfied by y and by z. If either of A, and h, 
were different from zero, the jacobians J, defined by (III • 1 4) would 
all vanish, and then the surface would not be a proper nonsingular 
surface. It follows that = 0, h, = 0; and therefore h = const. In- 
tegration of equations (4 20) and of the same equations with b, y 
and c, z leads to 

a = —hx -f- Cl , b — —hy Ct, c = —hz -|- Ct , 

where ci, Ct, Cs are arbitrary constants. Squaring and adding these 
equations, we obtain 

{hx — Cl)* -I- {hy — cj)* + {hz — cj)* = 1 . 

Therefore, if the minimal net coincides with the asymptotic net on 
a surface not a plane, the surface is a sphere. That the minimal 
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net actually does coincide with the asymptotic net on a sphere is 
proved by calculating the six fundamental coefficients for the sphere 
(III 11). The results are 

E = , F = 0 , G = sin* u , 

L = —r , Af = 0, N = —r sin* u , 

and the factor hia —\jr. The conclusion will now be stated. 

Theorem 7. TAe minimal net coincides vnth the asymptotic net on 
a surface not a plane if, and only if, the surface is a sphere. 


EXERCISES 

1. The curvilinear differential equation of the asymptotic curves on a sur- 
face of revolution (III 2 15) is 


f"du^ + uf'dv^ = 0 . 


2. The curvilinear differential equation of the asymptotic curves, distinct 
from the generators, on a nondevelopable ruled surface (III 7 1) has the 
form of an equation of Riccati, 

(4 21 ) f^=f+2gt + ht\ 

where f, g, h are functions of s. Calculate f, g, h for a general ruled surface, 
for the ruled surface of the binormals of a curve, and for the ruled surface of 
the principal normals of a curve. 

3. On the anchor ring (III 2 24) find the parabolic curve, the region where 
the asymptotic curves are real, and the region where they are imaginary. 

4. The curvilinear differential equation of the asymptotic curves on a sur- 
face z = f(x, y) is 

(4 22) rdz* -f- 2sdxdy + tdy* = 0 , 

where r, s, t are defined by 

(4 23) r = fxx , s = fzy , t = fyy . 

5. The asymptotic curves on a surface F{x, y, z) = 0 are represented by 
the equation 


(4 24) Fxitir* + Fyydy^ + Fudz^ -|- 2Fy,dydz + 2FtMdx 2Fxudxdy = 0 . 
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6. Prove that the explicit equation of a surface can be written in the form 



i(ooa:* + 2aixy + a2j/*) + + 36iX*!/ 

+ + 63 J/’) + 


> 


by taking the origm on the surface and the z-axis along the normal at the 
origin. Use this equation to prove that the tangent plane at a point of a sur- 
face intersects the surface in a curve with a nmk (double point) at the point, 
the nodal tangents being the asymptotic tangents. IVove from the equation 
(4 25) that the derivatives y', y” along an asymptotic curve at the origin 
satisfy the equations 


(4 26) 


f 0 = Oo -|- 2aiy' -|- 

[ 0 = 60 + 36iJ/' -h 362 !/'* - 1 - 532/'® + 2 («i -f a2y')y" , 


while the same derivatives along the corresponding branch of the plane curve 
of intersection of the surface and the tangent plane at the origin satisfy 

f 0 = Oo + 2oif/' + 022/'® I 
(4 27) ] 

[0 = 5o + 35.2/' -h 35,2/'® -f- 5,2/'® + 3(a, -|- a,y')y '' . 

7. Prove that the curvature 1/p of any curve y = y{x) on the surface 
(4 25) at the origin is given by 

(4 28) [(1 + 2/'*) («o + 20 . 2 /' -h 022 /'®)® + 2/"*] • 


For an asymptotic curve this formula reduces to 

1 ^ y” 

P (1 + 2/'*)®/® ’ 


if proper choice of sign is made. If the x-axis is chosen to be tangent to an 
asymptotic curve, show that the curvature and torsion of this curve at the 
origin have the values 


(4-29) 


1 ^ 1 

p~ 2ai ’ T ~ ’ 


while the curvature of the corresponding branch of the curve of intersection 
of the surface and the tangent plane at the origin is given by 


(4-30) 


1 5o 
P “ ~3oi ■ 


Compare the two curvatures in (4 -29) and (4 -30). 
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8. Prove that the second fundatnental form of a surface is — ^dxda, just 
as the first fundamental form is Zdx*. 

9. The asymptotic curves on a quadric surface are the rectilinear generators 
of the surface. 

10. Prove that the a.symptotic curves on the screw surface (III 2 26) are 
the parametric curves and form an orthogonal net. 

11. Prove that the a.symptotic curves on the catenoid (III 2 24) form an 
orthogonal net. 

12. The locus of the tangent lines of the curved asymptotics (4 21) at the 
points of a fixc'd geiu^rator of a ruh'd surface is ordinarily a hyperboloid of one 
sheet. 

13. Calculate L, M, N for the surfaces wlM)se parametric equations are 
given in the exercisers of Section 2 in Chapter III. 

14. The locus of an inflexion point on a meridian of a surface of revolution 
is the parabolic curve, or part of it, on the surface. 

6. The fundamental differential equations. The fundamental dif- 
ferential equations in the metric differential theory of surfaces con- 
sist of five linear homogeneous partial differential equations which 
express the thre<' s('cond partial derivatives of the coordinates of a 
variable point on the surface, and the two first partial derivatives of 
the direction cosines of the normal of th(' surface at the point, linearly 
in terms of these co.sines themselves and the two first partial deriva- 
tives of the coordinates of the point. Two of tlu'se equations are the 
Weingarten dijferential etjuntions (4 17). The other three, called the 
Gauss differential equations, will now be deduced. If tlu* equations 
(III 3 3) defining the first fuiulamental coefficients E, F, G be differ- 
entiated with respect to u and v, the derived equations can be written 
in the form 

2^XuXuu I F|, — wXiXuu ”1” ^E„ , G,i “ 2wXt<Xut< j 

2wXuXuv ^ ^ V “ 2xtiXvt» "I” jUu f Gp — 2wXf>X|}„ . 



These equations and equations (4-8) can be grouped into three sets 
of three equations each, each set being written in a column as follows: 


(5-2) 


ZXuXuu 

II 

2/XuXuv — 2^v f 

2^XuXtv — V \Gu y 

^X<dX%i^ 

= - ^Ep, 

2)XvXui> ~ 2^14 f 

^XvXpy == ^Gv ) 

^CLXn^ 

= L; 

^axuv = M ; 

Haxvv = N . 
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The first set can be solved for Xuu, ijuu, «««, since the determinant of 
the coefficients reduces to the function If, which is not zero. Similarly, 
the second set can be solved for Xuv, Vuv, Zuv, and the third set can be 
solved for x„, y„, The result of the solution is that not only x, a 
but also y, b and z, c satisfy the Gauss differential equations, namely, 
the first three of the following equations, the last two being the Wein- 
garten differential equations, which are re-written for convenience of 
reference. 


(5-3) 


•f«u — I }i®i» “b FjiX# “1“ La , 

Xuv = r}2X„ -t- + Ma , 

= rjjj-u + + Na , 

a„ = ^ (FM - GL)xu + ~(FL- RM)x , , 

- GlM)xu + ^ {FM - EN)x, , 


where the coefficients F)* {i, j, A = 1, 2) are defined by the formulas 


(5 4) 


r}i = ~ {GEu + FE, - 2FFu) , 
ri2 = ^2 (GE. - FGu) , 

^ (-FG\ - GGu + 2GF,), 
I'll = ^ (-FEu - EE, + 2EFu) , 
r?2 = ^ {EGu - FE,) , 

Fh = ^ (EG, + FGu - 2FF,) . 


The coefficients F)*, with the understanding that FJ* = FI,, are some- 
times called the Christoffel three-index symbols of the second kind for 
the first fundamental form, although the notation is not that of Chris- 
toffel. From the point of view of the theory of quadratic differential 
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forms the functions FJ* are regarded* as the components of an in- 
variant called the fundamental affine connection of the first fundamen- 
tal form. 

The thirteen coefficients of the fundamental differential equations 
(5 3) are not arbitrary functions of u, t> but must satisfy certain con- 
ditions called integrahility conditions. These are themselves partial 
differential equations and may be calculated in the following way. Since 
all the functions involved in equations (5’ 3) are analytic, the order of 
differentiation of x, and also of a, is surely immaterial. But two of the 
third derivatives of x, namely a:,,,, and one of the second deriva- 
tives of a, namely a„,, can be calculated from equations (5-3) in two 
ways. These three pairs of derivatives must be equal, so that 

(5 6) (Xuu)v — (S'ttll)# , ~ I ~ • 

After the right members of equations (5 • 3) are substituted in equa- 
tions (5 5) and the diffenmtiations are performed, the second deriva- 
tives of X and the first derivatives of a can be eliminated from the 
result by means of the equations (5 3). Thus, three equations of the 
form 

(S ' 6) a.x. + 5,x, 4- c,a = 0 (i * 1, 2, 3) 

are obtained. Since these equations are satisfied not only by x, a but 
also by y, b and z, c, and since the determinant (a:«, x,, a) reduces to H 
and therefore is not zero, it follows that 

(5 7) 0 . = 6i = c. = 0 (t=l, 2, 3). 

These equations arc the integrahility conditions. They express rela- 
tions between the six fundamental coefficients and their derivatives of 
order not higher than the second. Although it might appear that there 
were nine integrahility conditions, it turns out that they are not all 
independent. In fact, actual calculation,t the details of which need 
not be reproduced here, shows that only three of the conditions (5 ■ 7) 
are independent. They are the condition of Gauss, 


(5 8) 



(E 9^0), 


* O. Veblen, InvariarUs cf Quadratic Differential Forms (Cambridge Tract No. 
24) (Cambridge: University Press, 1927), p. 35. 

t Bianchi, Lezioni di geometria differenziale (3d ed., 1922), 1, 171. 
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and the two conditions of Codazzij 

{L„ - rUL - = Afu - r},A/ - r\,N, 

(5-9) \ 

\n„- l'\,N - ry/ = - Tl,M - ri,L . 

When the integrability conditions of a system of linear partial dif- 
ferential equations are satisfied, the system is said to be completely 
integrahle. We have seen that, when the parametric equations (11) 
of a surface are given, the first fundamental coefficients E, F, G can 
be calculated by the formulas (III -3 3) and // by (III 3 6). The 
direction cosines a, 6, c of the normal arc given by (4 -7), the second 
fundamental coefficients L, M, N by (4 8), and the components TJn of 
the fundamental affine connection by (5-4). Furthermore, x, a and 
also y, b and z, c satisfy the fundamental differential ecjuations (5 3) 
of Gauss and Weingarten, and consequently the six fundamental 
coefficients necessarily satisfy thr(*e integrability conditions, namely, 
the condition (5-8) of Gauss and the two conditions (5 9) of Codazzi. 
The system (5 -3) as we have computed it, starting with the parametric 
equations (11), is completely integrable, since*, as we have 8ee*n, the* 
three integrability cemditions of this systeni are satisfieel. 

The method that we have* used in de*vele)ping the* theory of surface*s 
is not the only method that could be used. Fe)r example, it would be 
possible to start with a system of linear homogeneous partial diffe*ren- 
tial equations of the form (5 3) with ce)e*fficients which are analytic 
functions of u, v subject only to satisfying the integrability conelitie)ns 
(5-7). It would be possible to pre)ve, then, that such a ce)mpletely 
integrable system of equatiems posse*sses thre*e‘ pairs e)f se)lutions x, a; 
y, b; z, c, such that the locus of the point F{x, y, z) is a surface S and 
such that a, 6, c are the dir(*ction cosines of the normal of E at P. 
The equations would determine; the surface >S uniejuely except for its 
position in space. 

A closely related method of defining a surface consists in starting 
with the six fundamental coefficients subject to the conditions of Gauss 
and Codazzi, and proving an existence theorem with regard to the 
surface. In fact, although the proof need not be reconstructed* here, 
the fundamental theorem for this method of studying surfaces may be 
stated as follows: 

Theorem 1. When six analytic functions E, F, G, L, M, N of 
two independent variables u, v are given, subject to the inequality EG — 
F® > 0, and saiisfying the condition of Gauss and the two conditions of 

* Ibul., I, 177. Eiscnharl, Differential Geometry, p. 157. 
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Codazzi, there exists a surface, uniquely determined except for its posi- 
tion in space, for which E, F, G and L, M, N are, respectively, the first 
and second fundamental coefficients. 

EXERCISES 

1. Necessary and sufficient conditions that the asymptotic curves on a 
nondcvelopable surface be parametric is that the coordinates x, y, z ol a 
variable point on the surface satisfy a completely integrable system of partial 
differential equations of the form 


(5 10) 


! Xu« = OiXu + hiXt , 
Xw ~ a^u "1” h^Xv f 


and do not satisfy any equation of the form 
(5 11) Xuv — UsXtt b^v . 

2. Write out equations (5 4), (5 8), and (5-9) in the following special 
cases: 

1. F = 0. 

2. ,1/ = 0 . 

3. F = 0 , .If = 0 . 

4 . F==0,E = G. 

5. A = 1 , F = 0 . 

6. L = 0 , A = 0 . 

3. Write out equations (5-4) for the developable, cone, cylinder, plane, 
and sphere, and verify equations (5 8) and (5 -9) for these surfaces. 

6. Conjugate nets. Conjugate nets of curves on a surface constitute 
a special class of nets which can be defined in various ways. The defi- 
nition stated below is equally valid in both projective and metric 
geometry and has the further advantage of being available for the ge- 
ometry of hyperspace. A conjugate net is not necessarily covariant 
to its sustaining surface, although there exist conjugate nets which 
are covariant to a given surface, one of which will be studied in the 
next section. 

Definition 1. A net of curves on a surface is a conjugate net in case 
the tangents of the curves of one family of the net at the points of each 
fixed curve of the other family form a developable surface. 

Although the two families of the net do not play symmetrical roles 
in the definition as stated, it will turn out that the two families of a 
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conjugate net are interchangeable. The two tangents of the two curves 
of a conjugate net at a point of a surface are called conjugate tangents, 
and the directions of the two curves at the point are called conjugate 
directions. The reason for the name conjugate will be found in Theo- 
rem 2 in Section 4 of Chapter V. 

A condition satisfied by conjugate directions at a point of a surface 
will now be deduced. For this purpose let us consider two distinct 
one-parameter families of curves, 

(6 1) dv — f{u, v)du = 0 , dvi — g(u, v)dui = 0 , 

on a surface <S represented by equations (1 1). The subscripts 1 in 
the equation of the second family are used merely to distinguish nota- 
tionally between the direction of this family and that of the first 



family at a point of the surface. Exclusion of the v-curves by suppos- 
ing that the equations (6 • 1) are solved for dv and dvi will not impair 
the generality of the final result. Referring to Figure 14, let us con- 
sider on the surface S the two curves C^, C* of the two families (6 1) 
through a point Piz, y, z). The tangent line t of O at P has the 
parametric equations 


(6-2) 


X = z -h w(tu + x,flf) , Y = y + U)(y„ -f yvg) , 
Z = z + wizu + ZvO) , 
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in which «> is a parameter which is proportional to the distance from 
the point P to a variable point Q{X, Y, Z) on t. If the tangent t gen- 
erates a developable surface as the point P varies along the curve C^, 
and if Q is the corresponding focal point of t, then the locus of Q is 
a curve V to which the line t is tangent, or else in exceptional cases 
the point Q may be a fixed finite point or a fixed point at infinity. 
Let us postpone consideration of these exceptional cases. Then the 
total derivatives of X, K, Z with respect to the independent variable u 
along the curve the parameter w being now a function of u, v, must 
be respectively proportional to the total derivatives of x, y, z with re- 
spect to u along the curve C". The latter derivatives are given by 

fet *>\ I I I 

(63) ^.jr. + x.9, 3^ = v. + y^, 

Total differentiation of equations (6 2) along the curve V and use of 
the Gauss differential equations (5 -3) lead to 

(6 4) ^ = Xu + X,/ = Zi„ + mx, + no 

and similar formulas with F, y, b and Z, z, c, in which the coefficients 
I, m, n are defined by the formulas 

I = 1 + w, -f- -f te[r}i + (/ + 9)^12 + > 

m = / 4- giwu + Wrf) 

+ ’<’[</« + gj + i’?i + (/ + 0)rij+ fgTli] , 
n = wlL + (/ + g)M + fgN ] . 

The condition of proportionality of the derivatives is equivalent to the 
two conditions 

(6 -6) m = Ig , n = 0 . 

If the point Q were to coincide with the point P, then we should have 
«) = 0, and therefore / = g, so that the two families (6 1) would not 
be distinct as supposed. Consequently we have w ^ 0, and so the 
condition n = 0 becomes 

(6-7) L+(f-{-g)M+fgN^0, 



or, after elimination of /, g by means of equations (6 1), 
(6 -8) Ldudui + M(dudvi + duidv) + Ndvdvi = 0 . 
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In the exceptional case in which the point Q is a fixed finite point 
we have, in place of the conditions (6 -6), the conditions 

I = m — n = 0 , 

since the derivatives of the coordinates A', I', Z must be zero, and so 
equation (6 -8) is obtained again. In the exceptional case in which the 
point Q is a fixed point at infinity, the direction cosines of the tangent 
t must be constants. Consequently we have 

Xu + XvQ = c{E + 2Fg + (c = const.) 

with similar equations for g, z, and so after differentiation we again 
reach thb same equation (6 8). Conversely, equation (6-8) is easily 
shown to be sufficient that the two directions dv/du, dvi/dui be con- 
jugate. The following theorem may now be stated. 

Theouem 1. A necessary and sufficient condition that the. directions 
dv/du and dvy/dui of two curves intersecting at a point of a surface be 
conjugate directions is that they satisfy equation (6-8). 

The bilinear form in the left member of equation (6 8) is known as 
the polar form of the second fundamental form with respect to the 
variables dui, dvi. The symmetry of this equation in dv/du and dvi/dui 
shows that the two families of a conjugate net arc interchangeable. 
Theorem 1 can be used to prove the following theorem. 

Theorem 2. A necessary and sufficient condition that a net (1 -2) be 
a conjugate net is 

(6-9) AN-2BM + CL = 0. 

The reasoning in the proof is similar to that used in demonstrating 
Theorem 3 of Section 3. If equation (6 8) is divided by dudui, if 
dv/du, dvi/dui are supposed to be the roots of equation (1-2), and if 
the elementary symmetric functions of the roots of a quadratic equa- 
tion are properly employed, the proof is immediate. The next theorem 
is a corollary of Theorem 2. 

Theorem 3. A necessary and sufficient condition that the parametric 
net on a surface be a conjugate net is M = 0. 

The theory of conjugate nets is related to the asymptotic curves 
and the second fundamental form in the same way as the theory of 
orthogonal nets is related to the minimal curves and the first funda- 
mental form. Theorem 2 above and Theorem 7 of Section 2 imply the 
following theorem. 
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Theorem 4. A net of curves on a surface in ordinary space is a conju- 
gate net if, and only if, the tangents of the net at each point of the surface 
separate harmonically the asymptotic tangents at the point. 

The first of the conditions (6 • 6) is equivalent to 

10) + Hi + (/ + g)rf* + fgT\^ 

^ -g[r\i + if + g)T\,+fgn,]], 

and determines that value of w which, when substituted in equations 
(6 -2), yields the coordinates of the focal point Q of the line t. This fo- 
cal point is called the Laplace transformed point, or the ray point, of the 
curve C’ at the point F. 

If in the condition (6-8) for the conjugacy of two directions, 
hitherto supposed distinct, the two directions bo allowed to coincide, 
so that the subscripts 1 may be erased, the asymptotic directions ap- 
pear as self-conjugate directions. Each family of the asymptotic net 
on a surface may therefore be regarded as the limit of a conjugate net 
the two families of which have approached coineidtmee. In this limit- 
ing situation we have/ = g and le = 0, so that the focal point Q coin- 
cides with the point P. 

The tangent plane at a point P of a surface S envelops a develop- 
able surface when P vari(‘s along a curve CJ on S. It will now be shown 
that this developable is precisely the developable generated by the 
tangent t which is conjugate to the tangent of at P, by proving the 
following theorem. 

Theorem 5. As the point of contact P of a tangent plane of a surface 
S varies along a curve on S, the characteristic of the tangent plane is 
the tangent which is conjugate to the tangent of at P. 

The theory of envelopes can be applied to the one-parameter family 
of tangent planes, 

(6 11) ra(A'-x)=0, 

whose parameter is the independent variable u along the curve CL 
Differentiation of equation (6 - 11) along gives 

(6- 12) 2:(o« + a,f){X - i) = 0 , 

in virtue of the identities (4-9). Equations (6 11) and (6 • 12) together 
represent the characteristic of the tangent plane (6-11), which there- 
fore passes through the contact point P{x, y, 2 ). If a curve C passes 
through the point P tangent to this characteristic, then the coordi- 
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nates X, Y, Z of a point on the tangent of €<' at P are given by equa- 
tions of the form 

(6 13) X = X -|- w(xu + XvQ) , 

where to is a parameter, and these coordinates must satisfy equations 
(6 11) and (6 - 12). Substitution in (6 11) furnishes no new informa- 
tion, but from (6 • 12) we get 

(6-14) 2(a« + a,f)(xu + x^g) = 0 . 

Multiplying out and making use of equations (4-11), we arrive at 
equation (6 -7), thus completing the proof. 

EXERCISES 

1. Every net of curves in a plane is a conjugate net. 

2. On a developable surface not a plane the generators and any other one- 
parameter family of curves form a conjugate net. 

3. The meridians and parallels on a surface of revolution form a conjugate 
net. 

4. The parametric curves on the conoid (III 2 25) form a conjugate net. 

5. The parametric curves on the helicoid (III 2 28) form a conjugate net. 

6. The curvilinear differential equation of the family of curves conjugate 
to the family represented by 


Tndu -f- ndv = 0 , 

where m, n are functions of u, v, is 

(6 15) (Ln — Mm)du + {Mn — Nm)(lv = 0 . 

7. Under a transformation of parameters (1 7) the second fundamental 
coefficients L, M, N are cogredient to the first fundamental coefficients 
E, F, G, except possibly for sign. Account for the ambiguity of sign. 

8. Build differential parameters with respect to the second fundamental 
form analogous to those of Exercises 1, 2, and 3 of Section 1 for the first 
fundamental form. Pursue the analogy between conjugacy and orthogonality 
as studied in Exercises 10-14 of Section 3, defining, in particular, isothermal 
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cmjugiuy and proving that necessary and sufficient conditions tliat the para- 
metric net on a surface be isothermally conjugate are 

(6 16) M = 0, = 

9. The meridians and parallels on a surface of revolution form an iso- 
thermally conjv^ate net. 

10. A necessary and sufficient condition that the parametric net on a sur- 
face be a conjugate net is that the coordinates a:, i/, 2 of a variable point on the 
surface satisfy a partial differential equation of Laplace of the form 

(6 17) Xuv = axu + bxv , 

where n, b are functions of w, e. 

11. On any surface the family of plane sections made by planes of an axial 
pencil is conjugate to the family of curves of contact of cones circumscribing 
the surface and having their vertices on the axis of the pencil. 

12. Defining a surface of translation to be the locus of a curve which is 
translated so that its various points trace congruent curves, show that the 
equations of a surface of translation can be written in the form 

(fi 18 ) X = Ui Vi f y — U2 + V2 f 2 = f/a + 1 3 1 

where Ui, C/ 2 , Uz arc functions of u alone and W, To, Vz are functions of v 
alone. A surface of translation can be generated as a surface of translation in 
two ways. The parametric curves for the representation (6 18) form a con- 
jugate net. A developable of tangents of one family at points of a curve of 
the other family is a cylinder. An elliptic paraboloid and a hyperbolic parabo- 
loid are surfaces of translation- 

13. As the point of contact P of a tangent plane of a surface not a de- 
velopable, varies along an asymptotic curve C on S, the characteristic of the 
tangent plane is the tangent of C at P. 

14. Deduce the condition (6 8) for conjugate directions from equation 
(III 7 27) by placing 

X' = Ju + Xrf , f = Jw 4- XvQ , 

V = Xuu 4- xuvlf 4- 4- Xv,fg 4- x^^iQu 4* Qvf ) . 


Determine the focal point of the tangent t by means of equation (III 7 26), 
and discuss special cases. 
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7. The lines of curvature. The lines of curvature on a surface con- 
stitute a net of curves which is covariant to the surface. This net is 
both conjugate and orthogonal and will presently be shown to be the 
only orthogonal conjugate net on the surface. However, this property 
will not be used as a definition. Instead we prefer to define a line of 
curvature as follows: 

Definition 1. A curve C on a surface S is a line of curvature in case 
the ruled surface of normals of S at points of C is a developable surface. 



The reason for the name line of curvature will be found in Theorem 1 
in Section 2 of Chapter V. The curvilinear differential equation of the 
lines of curvature will now be deduced. Referring to Figure 15, let 
us consider a surface S represented by (1 • 1), a point P{x, y, z) on <S, 
and the normal of S at P. Let us also consider a curve C on /S through 
P, whose curvilinear parametric equations are 

(7 1) 


u = u(s ) , 


V = vis) , 
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in which s is arc length on C. The parametric equations of the normal 
of )S at P are 


(7-2) X = x + cU, Y^y-i-bt, Z = z + cf, 


in which the parameter t is the algebraic distance from the point P to 
a variable point Q(X, Y, Z) on the normal. If the normal at the point 
P generates a developable surface as P varies along the curve C, and 
if Q is the corresponding focal point of the normal, then the locus of Q 
is ordinarily a curve TJ to which the normal is tangent. Therefore the 
total derivatives of A', Y, Z with respect to the arc length s of C, which 
is a parameter along TJ, must be respectively proportional to the direc- 
tion cosines a, b, c of the normal, t now being a function of u, v. Total 
differentiation of (7-2) and use of the Weingarten differential equa- 
tions (4 • 17) lead to 


(7 3) 


jA' = A„u'-f AV 
[ = Ixu -{• mxv -h t'a 



and similar formulas for Y\ Z', in which the coefficients I, m are de- 
fined by 


(7-4) 


l = + iF'M - GL) -f ^ {FN - G3/)] . 

I = t;' -1- f 1^^' (FL - EM) + ~ {FM - AW) j . 


The condition of proportionality of X', Y’, Z' and a, b, c is equivalent 
to the two conditions 


1 = 0, m = 0 . 

In the exceptional case in which the point Q remains fixed as the point 
P varies along the curve C the same two conditions, and also t' = 0, 
are obtained; in the exceptional case of parallel normals along the 
curve C, the expressions in brackets in equations (7 4) vanish; but 
the conclusions presently to be reached are valid even in these cases. 
After placing f = 0, m = 0 in equations (7 -4), elimination of t leads 
to the dijfferential equation of the lines of curvature. 


(7 -5) (EM - FL)du^ -f- (AW - GL)dvdv -b (FN - GM)dv‘^ = 0 . 
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The form of equation (7 • 5) shows that the linos of curvature on a 
surface S ordinarily form a net, two lines of curvature passing through 
each point P of S. The normal of S at P therefore ordinarily has two 
focal points. To determine them, we eliminate the ratio v'/u' from 
equations (7 • 4) after placing I — 0, m = 0. The result is 

(7 6) {LN - - {EN - 2FM + GL)t + EG - = 0 . 

Solution of this equation gives the distances from the point P to the 
focal points of the normal corresponding to the two lines of curvature 
through the point P. 

The quadratic form in the left member of the equation (7 • 5) of the 
lines of curvature on a surface is known as the jacohian of the two fun- 
damental forms of the surface. It vanishes identically if L = 0, 
M = 0, N = 0; in this case the surface is a plane. It also vanishes 
identically if L, M, N are proportional to E, F, G but do not them- 
selves all vanish; in this case the surface is a sphere. Examination of 
the three coefficients in the Jacobian shows that they vanish only in 
these two cases. Thus the following theorem is proved. 

Theorem 1. The lines of curvature are indeterminate on the plane and 
the sphere, and on no other surface. 

When the lines of curvature are under consideration, it is ordinarily 
understood that the sustaining surface is not a plane or a sphere. 
Points at which the coefficients of the Jacobian vanish simultaneously 
while not vanishing identically are called umbilical poinis and will be 
avoided hereinafter. The discriminant of the Jacobian is shown to be 
negative, when all the functions considered are real, by an easily veri- 
fied identity, namely, 

f {EM - FL){FN - GM) - \{EN - Giy 
(7 '^) j = {EM - FLY - GL) -^^{EM - PL)]' . 

An immediate conclusion may be drawn. 

Theorem 2. The lines of curvature on a real surface are real. 

It is easy to verify that the harmonic invariant of the jacobian and 
the first fundamental form vanishes, and also that the harmonic in- 
variant of the jacobian and the second fundamental form vanishes. 
Moreover, the jacobian can, without difficulty, be shown to be the 
only form, except possibly for a factor, whose harmonic invariant with 
the two fundamental forms does vanish. In this manner one proves 
the following theorem. 
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Theorem 3. The lines of curvature on a surface not a plane or a sphere 
constitute the only orthogonal conjugate net on the surface. 

Inspection of equation (7 ■ 5) shows that the lines of curvature are 
parametric in case 

EM - LF = 0, GM -NF = 0, EN - GL 0 . 

These two equations, in the presence of the inequality, are equivalent 
to F == 0,M = 0. Thus we reach the following conclusion, which can 
also be inferred from Theorem 3 of this section. Theorem 3 of Section 
6, and Theorem 1 of Section 3. 

Theorem 4. The lines of curvature on a surface not a plane or a sphere 
are parametric if, and only if, F = 0, M = 0. 

EXERCISES 

1. The lines of curvature on a surface of revolution are the meridians and 
parallels. Describe the developables generated by the normals of the surface 
along these curves. 

2. The lines of curvature on a developable consist of the generators and 
their orthogonal trajectories. 

3. Calculate the differential equation of the lines of curvature for each of 
the surfaces whose equations are given in the exercises of Section 2 in Chap- 
ter III. 

4. The equation of the lines of curvature on a surface z = f{x, y) is 

(7 -8) ^ ~ Pgf'Jdx* + [(1 + P^)t — (1 + (f)r]dxd\j 

^ - 1(1 + ?’)» - pqt]dy* = 0 , 

where we have placed 

P — f*t q ~ fv t ^ ~ fix , s = fry , t = fyy . 

5. Prove by means of Theorem 4 in Section 7 of Chapter III that the dif- 
ferential equation of the lines of curvature on a surface F(z, y, z) = 0 is 


dx 

dy 

dz 

(7-9) Fr 

Fy 

Fr 

dFr 

dFy 

dF, 


6. Defining an isothermic surface to be a surface on which the lines of curva- 
ture form an isothermally orthogonal net, prove that a surface of revolution 
is isothermic. 
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7. At a point of a surface where the asymptotic tangents are real, the tan- 
gents of the lines of curvature bisect the angles between the asymptotic ta- 
gents. 

8. For the hyperbolic paraboloid 

X = ^ (w + r) , 2/ = I (w - «’) I 3 , 

find the explicit equation of the surface, the curvilinear equation of the asymp- 
totic curves, and the curvilinear equation of the lines of curvature. Show that 
this surface is isothermic. 

9. Deduce the ecpiation (7 5) of the lines of curvature from equation 
(III 7 27) by placing 


I = a , m = b , n = c . 

Determine the focal points of the normal by means of e{]uation (III 7 2(5), 
and discuss special cases. 

8. Geodesics. The geodesic curves, or simply geodesics, on a surface 
constitute a covariant two-parameter family of curves and may be 
defined in the following way. 

Definition 1. A curve C on a surface »S is a geodesic in case at each 
point on C the osculating plane of C contains the normal line of S. 

If a surface has a straight line on it, the normal of the surface at 
any point of the line determines with the line a plane which is an oscu- 
lating plane of the line. This reasoning justifies the following asser- 
tion. 

Tiieohem 1. Every straight line on a surface is a geodesic. 

The curvilinear differential equation of the geodesies on a surface 
(1 • 1) will now be deduced. Substituting the expressions for X, Y, Z 
from the equations (7 2) of the normal line into the equation (4 • 1) of 
the osculating plane at a point of a curve on the surface, we obtain 

(8 • 1) (o, x', x") = 0 , 

where the parentheses are used to indicate a determinant. Substitut- 
ing the expressions for x', x" from equations (4 • 2) into this equation, 
and making use of the Gauss differential equations (5 3) to eliminate 
the second derivatives of x, we find 

(8-2) I + 2[r}jx„ + r?2X,]M'«' 

1 + [rjjx* -f rliXy]v'^ + Xuu" + x,v") = 0 . 
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By use of elementary properties of determinants the left member of 
this equation can be written as the product of a certain factor times 
the determinant 


(^Off Xuf Xv) f 


which is equal to H and therefore is not zero. Consequently the other 
factor must vanish. The result of setting this factor equal to zero is 
the curvilinear differential equation of the geodesics, 

f8 sW'"" " ~ 

1 + (2r}, - , 

in which the accent indicates differentiation with respect to any 
parameter along a geodesic. 

Other convenient forms for the equation of the geodesies can be 
obtained by specializing th(‘ parameter in equation (8 3). If the 
parameter along a geodesic is suppos<‘(l to be u, then u' = 1, u" = 0, 
and so ecpiation (8 3) reduces to 

(8-4) v" = -rfi - (2r?2 - i'\i)v' + (21'!., - Th)v'^ + . 

Again, if the paramet<‘r in Cijuation (8 3) is arc length along a geodesic 
not a minimal curve, one has simultaneously with equation (8 3) also 

(8-5) Eu'^ + 2Fu'v' + Gv'^ = 1 . 


Differentiation of this equation re.sults in 



2(Em' + hV)u" + 2(Ftt' + Gv')v'' + E„u'® 

+ {E, + 2F„)u'2t;' + ((?„ + 2t\)u'v'^ + = 0 . 


Solution of equations (8 3) and (8 -6) for u", v" gives the curvilinear 
differential equations of the geodesics with arc length along a geodesic as 
parameter. 

j u" + r}iu'2 + 2T\^u'v' + = 0 , 

+ 2r\2u'v' 4- = 0 . 

Since the differential equation (8 -4), for instance, is of the second 
order, it follows that the geodesics on a surface constitute a two-parameter 
family of curves. There is a unique geodesic through a given point in 
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a given direction on a surface. There is also a unique geodesic through 
two given points not too far apart on a surface. 

If the curves v = const, are geodesics, then Pfi = 0. If, further, 
the curves u = const, are the orthogonal trajectories of these geo- 
desics, then also F = 0. The formula in (5-4) for the symbol Ff, 
shows, in this case, that F, = 0; consequently F is a function of u 
alone. If a new parameter « is introduced by the transformation 

(8-8) fi= rv/*du, 

Jut 

the parameter v being unchanged, then the transformed coefficient E 
is shown to be unity by the second of equations (1-17). Thus the 
following statement is validated. 

Theorem 2. If the xtrcurves are geodesics on a surface, and if the 
v-curves are their orthogonal trajectories, then by a suitable choice of 
parameter u along the u-curves, the first fundamental form of the surface 
can be reduced to 

(8-9) du^ + Gdv^. 

The significance of this choice of the parameter u is made clear by 
remarking that 

(8 • 10) ds“ = du . 

Consequently, the parameter u in the form (8 • 9) differs, at most, by a 
constant from the arc length measured from an arbitrarily chosen fixed 
point on a geodesic of the family. Let us calculate the arc length s" along 
a geodesic between two fixed orthogonal trajectories whose equations 
are u = uo and u = Ui. The result is (see Fig. 16) 

(8 - 11) 5" = Ul — tto . 

Since the arc length s'* is independent of v, it is the same for all- the 
geodesics of the family now used for the ti-curves. Hence the follow- 
ing conclusion can be drawn. 

Theorem 3. The arc length measured along a geodesic belonging to a 
one-parameter family of geodesics, between two orthogonal trajectories of 
the family, is the same for all geodesics of the family. 

It is natural then to make the following definition of geodesic 
parallels. 
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Definition 2. The orthogonal trajectories of a one-parameter family 
of geodesics are geodesic parallels. 

When a curve C is given, there is a unique one-parameter family of 
geodesics crossing C at right angles. If a constant length is laid off 
from C along these geodesics, the locus of the end-points of these 
geodesic arcs is a curve geodesically parallel to C. Consequently, a 
family of geodesic parallels is determined when one of them is given. 

One of the best-known properties of geodesics is their minimizing 
property, incorporated in the following theorem. 



Theorem 4. If the distance between two points not too far apart on a 
surface is measured along curves joining them and lying on the surface, 
the shortest distance between the points is measured along the geodesic 
joining them. 

The method of proof* may be suggested. The integral (III - 3 -8) for 
the length of a curve between two points Po, Pi on a surface can be 
written in the form 


(8 12 ) 




where the function / is given by the formula 
(8 13) /(u, V, v') = iE-\- 2Fv' . 


* Bolza, Vorlesungen nber VariationarechHuttg (Leipzig: Teubner, 1909), pp. 209 
and 228 
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Euler’s equation for the extremals of the integral (8 12) is 
(8 14) 

When this equation is calculated with the particular formula (8 13) 
for the function A the extremals are found to be the geodesics (8 4), 
and every sufficiently short arc of such an extremal minimizes the in- 
tegral (8 12). 


EXERCISES 

1. Tlie geodesics on a plane arc straight linos, and on a sphere are groat 
circlos. 

2. Any curve is a geodesic on its rectifying developable. 

3. A cylindrical helix is a geodesic on the cylinder whose generators it 
crosses at a constant angle. 

4. The meridians on a surface of revolution are geodesics. 

5. Every geodesic on a developable surface has the surface for rectifying 
developable. 

6. The curvilinear differential equation of the geodesics on the sphere 
(III 2 11) is 

t’" = — 2 cot tt e' — sin u cos n v '^ . 

Show that this is the equation of all great circles on the sphere by differentiat- 
ing the equation 

A sin « cos t; -b jB sin m sin e C cos « = 0 

of these circles twice with respect to « and eliminating the arbitrary con- 
stants A, B,C. 

7. Minimal curves on a surface are geodesics. 

8. Calculate the differential equation of the geodesics on a developable 
and on a revolute. 

9. Defining a geodesic circle to be the locus of a point on a surface whose 
distance from a fixed point P of the surface, measured along the one-parameter 
family of geodesics through P, is constant, show that any ordinary circle is a 
geodesic circle on a sphere. The parallels on a revolutc are geodesic circles. 

10. All concentric geodesic circles on a surface are geodesic parallels. 
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CURVATURE 

1. Radius of normal curvature. The clifiFemitial, or infinitesimal, 
gooniotry of a surface; is the theory of those properties of the surface 
that (l(;pend only on a neighborhood of a general one of its points. In 
the last two (diapters considerable information about such properties 
has already been brought to light. By way of illustration it is suflScient 
to mention the tangent plane, the normal line, the minimal tangents, 
the asymptotic tangents, and the tangents of the lines of curvature at 
a point of a surface. 

The primary purpose of this chapter is to study still more inten- 
sively the differential geometry of a surface. Particular attention will 
be paid to the curvatures at a point of a surface and to the curvature 
and torsion of curves lying on the surface and passing through the 
point. 

We b('gin by investigating the curvature of all curves that lie on a 
surface and pass through a point P with the same tangent line at P. 
Eor this purpose, let us consider a surface S whose parametric equa- 
tions are 

(1-1) X = x{v, v) , y = y(u, v) , z = z{u, v) , 

and on »S' a curve C, not a minimal curve, whose curvilinear parametric 
equations are 

(1 2) » = J/(s) . r = e(.s) , 

the parameter .s being arc length on C. At a point P(x, y, z) on C the 
direction cosines I, m, n of the principal normal of C are given by 

(1-3) f = px” = p(x„„u'* + 2xuvu'v' + + x»u" + x^v") 

and two similar formulas, in which the accent denotes differentiation 
with respect to s, and p is the radius of curvature of C at P. The nor- 
mal plane of the curve C certainly contains the normal line of the sur- 
face S at the point P, whose direction cosines a, b, c are given by the 
formulas (IV -4 -7). A positive sense of rotation in the normal plane 
of the curve C is assigned by the following convention. 
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In the normal plane at a point P of a curve C on a surface the positive 
sense of rotation about P is, by agreement, the sense in which the positive 
half of the principal normal can be rotated through the angle r 12 into the 
positive half of the binormal. 

The angle between the principal normal and the surface normal is 
defined as follows and is illustrated by Figure 17, in which the abbrevi- 
ation P.N. is used for the principal normal, S.N. for the surface nor- 
mal, and Bin. for the binormal, and the positive sense on the tangent 
is from the reader. 


PN. 


Fig. 17 

Definition 1. The angle <p betxveen the principal normal, at a point 
P of a curve C on a surface S, and the normal of S at P is the smallest 
angle from the positive half of the principal normal in the positive sense 
of rotation to the positive half of the surface normal. 

According to this definition, the angle ip satisfies the condition 

0 ^ ip < 2w . 

Making use of equations (1 -3), (IV -4 8), and (IV 4 9), we find 

(1-4) cos <p = 2ol = p'Zax" = p(Lu'^ + 2Mu'v' + Nv'^) ; 

and then, using the formula (III - 3 - 2) for ds*, we obtain 

n K\ cos (p _ Ldu^ + 2Mdudv + Ndv^ 

' ^ p ~ Edu^ + 2Fdudv -f- Gdv^ 
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This is a very noteworthy result with many implications, some of 
which will be investigated immediately. 

The right member of equation (1 5) is obviously the ratio of the 
second fundamental form to the first fundamental form of a surface (S. 
It depends on the six fundamental coefficients and the ratio dv/du. 
The formulas for the six coefficients are calculated from the equations 
(1-1) of the surface S in terms of the variable's u, v. Their values at 
the particular point P under consideration are found by substituting 
in them the curvilinear coordinates of P. The direction dv/du is cal- 
culated from the curvilinear equation of a curve C at P. But all other 
curves on S through P tangent to the tangent line of C at P have the 
same direction dv/du. Therefore the right member of (1 5) is the same 
for all these curves, of which there are infinitely many, and the left 
member of (1 5) must be the same for all of them. Thus the following 
theorem is proved. 

Theorem 1. Every curve on a given surface S, through a given point P 
on S, and tangent to a given line at P has at P the same value of the ratio 
cos (f/ p, where <p is the angle bettveen the principal normal of the curve 
and the normal of the surface and p is the radius of curvature of the 
curve at P. 

Let us suppose that the right member of equation (1-5) is not zero. 
With this hypothesis we are e.xeluding the pos.sibility that the surface 
»S under consideration might be a plane, for which L, M, N vanish 
identically, and are excluding flat points on a surface not a plane, for 
which L, M, N vanish simultaneously while not vanishing identically. 
Moreover, we are excluding the possibility that the curve C might be 
an asymptotic curve on S, along which the second fundamental form 
vanishes, and are excluding curves on S which are tangent to an asymp- 
totic curve at the point P under consideration. 

The right member of equation (1 5), being supposed not to vanish, 
is either positive or negative when all the numbers under consideration 
are real. If the second form is positive for a particular curve U at a 
point P on & surface S, then this form and cos <p are positive for every 
curve on S through P tangent to C, and for all these curves the angle <p 
must satisfy one or the other of the two conditions 

^ < ip<2T . 

If the second form is negative for a particular curve C on S at P, then 
this form and cos ip are negative for every curve on S through P tan- 
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gent to C, and for all these curves the angle <p must satisfy the condi' 
tion 


1<<P< 


3ir 

"2 


All the planes containing a line I which lies in the tangent plane at 
a point P of a surface S and passes through P form an axial pencil 
and cut S in a one-parametor family of plane curves. All thcs(‘ curves 
pass through P tangent to the line t at P. The osculating plane at P 
of any particular curve C of this family is, of course, the plane that 
contains C. There are infinitely many curves on the surface S, through 
the point P, tangent to the line t at P, and having for osculating plane' 
at P the plane of the particular curve? C under e'onsideratie)n. All 
these curves have at the point P not only the same tange'iit line and 
osculating plane but also the same osculating e'ircle, the same center 
of curvature, the same radius e)f curvature p, the same principal nor- 
mal (both in position and in sense), anel the same angle The plane 
curve C may be regarded as a typical and comparatively easily visual- 
izable curve of this class of curves having the plane of (’ for osculat- 
ing plane. 

Among all the plane curves of section of the surface iS made by the 
planes of the axial pencil with the line t as axis, there is one of especial 
interest, namely, the curve cut on the surface »S by that plane through 
t which also contains the normal of S at the point P. This curve is 
called a curve of normal section according to the following definition. 

Definition 2. The curve of normal section Cnfor a direction dv/du 
at a point P of a surface S is the curve of intersection of S and the plane 
that contains the normal of S and cuts the tangent plane of *S in the tan- 
gent line in the direction dv/du at P. 

If the second fundamental form is positive in the direction of a 
curve of normal section C„ at a point P of a surface S, then Vn = 0 
and hence cos = 1, the subscript n indicating quantities belong- 
ing to Cn- In this case the curvature l/p» of the curve C„ at P is 
precisely equal to the right member of equation (1-5), and the center 
of curvature of C„ lies on the positive half of the normal of S at P. If, 
on the contrary, the second fundamental form is negative in the direc- 
tion of the curve Cn, then <pn = r and hence cos v>n = — !• In this 
case the curvature l/p« of C« at P is equal to the negative of the right 
member of (1-5), and the center of curvature of C’„ lies on the nega- 
tive half of the normal of iS at P. A radius of curvature of a curve is 
always positive. But it is very convenient to introduce a radius of 
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normal curvature of a surface, which may be either positive or negative 
in accordance with the following definition. 

Definition 3. The radius of normal curvature Rfor a direction dv/du 
at a point P of a surface S is the radius of curvature p„ of the associated 
curve of normal section Cn if the second fundamental form is positive, 
and is — pn if the second form is negative. 

It follows directly from the definition that the formula 

,, gv 1 _ Ldu^ + 2Mdudv + Ndv^ 

^ ^ R Edu^ + 2Fdudv + Gdv^ 

is valid in all cases. The reciprocal 1//2 of the radius of normal curva- 
ture is called the normal curvature for the direction dv/du at the point 
P of the surface S. The osculating circle at P of the associated curve 
of normal section C„ is called the circle of normal curvature, and its 
center is called the center of normal curvature, for the direction dv/du 
at the point P of the surface *S. The center of normal curvature lies 
on the positive half of the normal at the distance R from P when 
R > 0, and lies on the negative half of the normal at the distance— P 
from P when P < 0. 

Comparison of equations (1 '5) and (1-6) shows that 
(1-7) P cos <p = p . 

This equation expresses a very simple relation between the radius of 
normal curvature R, for a given direction at a point P of a surface S, 
and the radius of curvature p of any other plane curve of section of S 
in the same direction at P. This relation is illustrated by Figure 17 
and holds also for the radius of curvature p of any other curve on S 
through P in the given direction and having for osculating plane at 
P the plane producing the section. This relation is stated by the so- 
called Theorem of Meusnier as follows: 

Theorem 2. If the center of normal curvature, for a given direction at 
a point P of a surface S, is projected onto the osculating plane of any 
other curve C on S through P in the same direction, the projection is the 
center of curvature of the curve C. 

T he next theorem is equivalent to the. Theorem of Meusnier. 

Theorem 3. The osculating circles of all the curves on a surface S, 
through a point P and tangent to the same line t at P, are the circles 
which the osculating planes of the curves cut on the sphere of radius \ R \ 
with its center at the center of normal curvature of S at P for the direc- 
tion of t. 
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EXERCISES 

1. Prove by the formula (15) that every straight line on a surface is an 
asymptotic curve. 

2. Prove by (1 5) that if a curve, not an asymptotic curve, on a surface 
has an inflexion at a point F, then the curve is tangent to an asymptotic 
curve at P. 

3. Prove by (1 5) that tp = 7r/2 or else ^ = 3t/2 for a nonrectilinear 
asymptotic curve which is free of inflexion points. 

4. The radius of normal curvature R is numerically greater than the radius 
of curvature p of any other plane curve of section of a surface in the same di- 
rection at the same point. 

5. For the direction of an asymptotic tangent at a point of a surface the 
normal curvature 1/ft is zero. 


2. Principal normal curvatures. The normal curvature 1/ft at a 
fixed point P of a given surface S is a function of the direction at P 
for which the normal curvature is defined. When the plane making 
the associated normal section turns around the normal line of S at P, 
the normal curvature ordinarily varies and has a maximum and a 
minimum value. These extreme values are called the principal normal 
curvatures at the point P of the surface S and will now be studied. 

To investigate the normal curvature 1/ft at a point P of a surface 
S as a function of its direction, it is convenient to re-write equation 
(1 -6) in the form 


(2 1 ) 


1 _L + 2Mh + Nh^ 
ft E + 2Fh + Gh^ 




and then to investigate 1 /ft as a function of h. The assumption du 9^0 
will not impair the generality of the final results. Two special cases 
should be disposed of at once. If the surface S is a plane, then L,M,N 
vanish identically, and the normal curvature is zero for every direc- 
tion at the point P, as it is also at a flat point on any surface, where 
L, M, N happen to vanish simultaneously without vanishing identi- 
cally. If the surface 5 is a sphere, then L, M, N are respectively pro- 
portional to E, F, G, and the normal curvature is constant for every 
direction at the point P, as it is also at an umbilical point on any sur- 
face, where the proportionality may happen to hold without its hold- 
ing at all points on the surface. These two cases will be excluded from 
the discussion hereinafter unless the contrary is indicated. 
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If tho normal curvature \/E, regarded as a function of its direc- 
tion h, has a maximum or a minimum, then the corresponding value 
of h must satisfy the (*quation 


(2-2) 



= 0 . 


P(‘rforming the indicate<l differtuitiation shows that the critical values 
of h must be the roots of the equation 


(2 3){ 


{E + 2Fh + GV)(Af -f Nh) 

- (L + 2Mh + Nh^XF 


GA) = 0 , 


which simplifies into 


(2 4) EM ~ FL-\- {EN - aL)h + {FN - GM)¥ = 0 . 


When h is replaced by dv/du, this equation reduces to the differential 
equation (IV -7 5) of the lines of curvature whose discriminant, as 
written in Section 7 of Chapter IV, was shown by the identity 
(IV 7 7) to be negative, all the functions under consideration being 
real. Therefore the two roots of equation (2 4) are real and distinct. 
That one of these roots actually makes the normal curvature l/i2 a 
maximum and the other root makes it a minimum can be shown by 
examining the sign of the second derivative. 



Upon actual calculation it turns out that the sign of this derivative is 
the same as the sign of the linear function 


(2 5) KN - GL + 2{FN - GM)h , 


provided that his a root of equation (2-4). The demonstration may 
be completed by solving (2-4) by the quadratic formula and substi- 
tuting the roots, one at a time, in the linear function (2 -5). One of 
these roots does give this function a negative value and therefore 
makes l/R a maximum; the other root gives it a positive value and 
hence makes 1/R a minimum. The outstanding results of the fore- 
going argument will now be summarized. 

Theorem 1. At an ordinary 'point P on a surface ■not a plane or a 
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sphere there isj^^st me directimfor which the normal curvature is a maxi- 
mum and just one for which it is a minimum. These two directims are 
the directims of the lines of curvature at P. 

This theorem gives the reason for the name lines of curvature. The 
maximum and minimum normal curvatures at a point of a surface are 
called principal normal curvatures. The associated centers and circles 
of normal curvature are called, respectively, principal centers of normal 
curvature and principal circles of normal curvature. The associated ra- 
dii of normal curvature, i.e., the radii of normal curvature for the di- 
rections of the lines of curvature, are also a maximum and a minimum 
and are called principal radii of normal curvature in the following defi- 
nition. 

Definition 1. The principal radii Ri, of normal curvature at an 
ordinary point P of a surface S not a plane or a sphere are the maximum 
and minimum radii of normal curvature of S at P, without notational 
discrimination as to which is maximum and which is minimum. 

The principal radii Ri, Rt can be proved to be the roots of the 
equation 

(2-6) (LN - - (EN - 2FM + GL)R + EG - P = 0 , 

by elimina ting h directly from equations (2 1) and (2-4). The same 
conclusion can be reached by using equation (2 • 3) instead of (2 • 4) and 
employing the following rather indirect method of elimination. Equa- 
tions (2 1) and (2 -3), taken together, are equivalent to 

1 M +Nh ^L + Mh 
R F-\-Gh E-\-Fh 

and hence to 

iE + Fh-RiL-{-Mh) =0, 

\f -\-G h-R{M -\-Nh) = 0. 

I. 

Elimination of h from these equations is easily effected and produces 
equation (2-6). 

Equations (2 • 7) have the virtue of associating a unique principal 
radius Ri or Rt with a given direction A of a line of curvature, and 
vice versa. Since equation (2 6) is equivalent to the equation (IV -7-6) 
determining the focal points of the normal, the following inference 
can be made. 

Theorem 2. At a point P of a surface S the principal radii of normal 
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curvature are the algebraic (hutancea from P to the focal yoirUs of the nor- 
mal regarded as a generator of the two developable surfaces of normals in- 
tersecting S in the lines of curvature through P. 

The focal points of the normal arc thereforo the principal centers 
of curvature at a point P of a surface When the point P varies over 
the surface the locus of each of the focal points of the normal is a 
surface called an evolute surface, or also a surface of centers, of »S. The 
normals of »S are tangent to both of these surfaces, and the two points 
of contact of a normal may be called corresponding points. Each evo- 
lute surface is the locus of the edges of regression of the developable 
surfaces of normals of S which intersect S in one family of the lines 
of curvature. 

KXKItC ISKS 

1 . The principal radii of normal curvature of a .'surface z = /t j, y) are the 
r<M)ts of the equation 

(2 8) (r< - - [(1+ q‘)r - 2pqs -|- (1 -|- p'‘)t]HR + //^ = 0 , 

where 

( 29 ) 

( IP = 1 + p* + . 

2. The principal radii of normal curvature of a surface F[r, y, z) = 0 arc 
the roots of the eciuation 

Pxv P« Px 

Pyy - ^ Pyx Py 

Pyx Pxx - f Px 

Py Px 0 

where 

(2 11 ) IP = + + 

3. Find the principal radii of normal curvature of the surface 

2z = 6x“ — 5jry — (iy* 

at the origin. 
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4. Prove that for the surface of revolution of a parabola about its directrix 
one of the principal radii of normal curvature is always double the other. 


5. When the lines of curvature are parametric on a surface, the principal 
normal curvatures 1/fli, 1/122 at a point of the surface are given by the 
formulas 


(2 12 ) 


l__L _l _ Y 

/2, ' E’ R2~ G’ 


the first corresponding to the i<-cur\’e and the second to the c-cur\'e. 


6. The principal normal cun'atures at a point of a surface of revolution 
are given by the formulas 


(2 13) 


1 r_ 1 r _ 

~ (1 +/'«)’/*' Ri «(l+D‘/»- 


The radius Ri is eciual in length to the radius of curvature of a meridian, while 
the radius i ?2 is eciual in length to the segment of the normal between the 
surface and the axis of revolution. 

7. When the lines of curvature are parametric on a surface, the Weingarten 
differential equations (IV 4 17) become the so-called eqiuUions of Rodrigws, 


(2 14) CT,* — R ^ — Ro * 

Y 

and the condilions of Codazzi (IV 5 9) become 


Hi). - (I -s,) 

8. The principal normal curvatures at a point of a developable surface 
(III 6 1) are given by the formulas 

(2 16) K'O' 

the positivje sign being used on the sheet of the developable generated by the 
positive half of the tangent of the edge of regression, and the negative on the 
other sheet. 

9. On each evolute surface of a surface S the curves corresponding to the 
lines of curvature on S form a conjugate net. 
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10. On each evolute surface of a surface S the cUkos of regression (of de- 
velopables composed of normals of »S') of wliich it is the locus are geodesic 
curves. 

3. Gaussian curvature and mean curvature. In studying the shape 
of a surface in the neighborhowl of one of its points, frequent use is 
made of two curvatures called, respectively, the Gamman curvature 
and the mean curvature, which are defined as follows : 

Definition 1. The Gaussian curvature K at a point P of a surfa^^e S 
is the product of the principal normal curvatures of S at P, and the mean 
curvature k of S at P is half the sum of the principal normal curvatures. 

It should be* remarkeel that seime geometers define the mean curva- 
ture to be exactly the sum of the principal neirmal curvatures. Freim 
De*finition 1 and ee|uatie)n (2 6) the following formulas for K, k arc 
eibtained : 


KJk IP ’ 


At first glance one woulel think that beith e*urvatures K, k depend on 
all six fuuelamental coeffie*ienfs. But the equation of Gauss (IV .*> 8) 
sheiws that the Gaussian curvature K is expre*ssibte in terms of the 
first fundamental eoeflicients E, F, G anel their first anel seceinel partial 
derivatives. The precise formula thus expressing K is that in the fol- 
lowing thcon'in. 

Theorem 1. The Gaussian curvature K at a point of a surface is ex- 
pressed in terms of the coefficients E, F, 0 and their first and second deriva- 
tives by the formula 


(3 2) 




in which II is defined by (III 3 6) and I’n, r *2 (IV 5 4). 

The Gaussian curvature K vanishes at every point of a plane, since 
L = 0, M = Q, N = 0 for a plane. Moreover, K vanishes at every 
point of a developable surface, since LN — M‘ = 0 for a developable. 
Conversely, if K vanishes at every point of a surface, the surface is a 
developable, by Theorems 3 and 5 in Section 4 of (.’hapter IV. Thus 
the following theorem is proved. 



162 


METRIC DIFFERENTIAL GEOMETRY 


Theorem 2. The Gaussian curvature is zero at every point of a surface 
if, and only if, the surface is a developable. 

Points on a surface at which the Gaussian curvature vanishes with- 
out vanishing at every point of the surface are parabolic jmnts. Let 
us now consider a surface S which is not a developable and examine 
the form of S in the neighborhood of a point P which is not a parabolic 
point. If /(l > 0 at the point P, then the principal radii Ri, R^ of 
normal curvature of the surface <S at the point P have the same sign. 
Since all the other radii of normal curvature of S at P lie between R\ 
and R 2 , these also have the same sign. Therefore all the centers of 
normal curvature are on one side of the tangent plane of S at P, and 
so the surface in the neighborhood of the point P lies entirely on one 
side of its tangent plane at P. In this case P is called an elliptic point. 
In a region on a surface in which all the points are elliptic, the anymptolic. 
curves are imaginary. 

If jK” < 0 at a point P of a surface iS, then the principal radii Pi, 
R% of S at P have opposite signs. Therefore some of the centers f)f 
normal curvature of S at P lie on one side of the tangent plane, and 
some on the other. It follows that in the neighborhood of P part of 
the surface S is on one side of its tangent plane at P and part on the 
other. In this case P is called a hyperbolic point. In a region on a sur- 
face in which all the points are hyperbolic, the asymptotic curves are real. 

In consequence of the continuity of a polynomial the value of the 
second fundamental form changes sign only by passing through zero. 
Hence the asymptotic directions at a hyperbolic point separate the direc- 
tions for which the normal curvature 1/P is positive from the directions 
for which 1/P is negative. 

Just as developable surfaces can be characterized by the condition 
iii = 0, so an important class of surfaces called minimal surfaces can 
be defined by the condition k = 0. 

Definition 2. A minimal .surface is a surface at every poiiU of which 
the mean curvature is zero. 

A minimal curve on a real surface being imaginary, one might 
suspect that a minimal surface must be imaginary; but such is not the 
case. The relation between minimal curves and minimal surfaces is 
stated in Exercise 7, below. The reason why minimal surfaces were 
given this name is that they came into prominence in connection with 
a problem of minimizing the area of a surface, called the problem of 
Plateau, which has received the attention of many distinguished 
mathematicians.* This problem of the calculus of variations can be 
formulated sufiiciently precisely for our purposes as follows: 

* For s historical sketch see Darboux, Letons (3d ed.), I, 319. 
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Given a simply closed curve C m space and a connected surface S 
bounded by C, to determine S so that the inclosed area of S shall be a 
minimum. 

Just as it was found that if a curve minimizes the arc length integral 
(III 3 8) then the curve is a geo<lesic (IV 8 4), so it (*an be shown* 
that if a surface minimizes the area integral (IV 3 11) then it must 
be such that its mean curvature vanishes, i.e., must be a minimal sur- 
face. It should be noted that the vanishing of the mean curvature is 
only a necessary condition for a minimum an^a; there is no guaranty 
without furtluT evidence* that if fc = 0 then the area is actually a 
minimum. 

Insp(‘ction of the* formulas (3 1) for k makes the truth of the follow- 
ing stateunent evident. 

Theorem 3. A yninimal surface is characterized by any one of the 
three equivalent conditions 

(3 3) fc = 0 , i + ^ = 0 , AW - 2FM + GL = 0 . 

ill il‘2 

A piano should bo olassod among the minimal surfaces. For a mini- 
mal surface not a plane th(' secoml of the conditions (3 3) gives 
Ri + R 2 = 0, and so implies the following two theorems. 

Thkoiiem 4. At each point F of a minimal surfact S not a plane the 
centers of principal normal curvature he on opposite sides of S at equal 
distances from F. 

Theorem 5. The Gaussian curvature is negative at every point of a 
minimal surface not a plane. 

The third of the conditions (3 3) implies the following theorem. 

Theorem 6. On a minimal surface not a plane the asymptotic curves 
form an orthogonal net, and the mimmal curves form a conjugate net. 

Developable surfaces, for which K = 0, and minimal surfaces, for 
which A: = 0, are two special types of surfaces of a much larger class, 
called Weingarten surfaces, w’hich are defined as follows: 

Definition 3. A Weingarten surface is a .surface for which there 
exists a relation between the two principal normal curvatures, of the form 

where f is an arbitrary function. 

* Bolza, Vorleaungen uber Variationsreehnung (Leipzig and Berlin, 1910), p. 667. 
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Other surfaces of Weingarten are surfaces of constant Gaussian 
curvature, surfaces of constant mean curvature, revolutes, and heli- 
coids. 


EXKllCISKS 

1. The curvatures K, k for a surface z = fix, y) are given by the formulas 


(3 5) A' = TT-i 


ri — 


(1 + ’ 


( 1 + q')r — '2 pqs + (1 + p“)f 

2(1 + p^ + 


2. The Gaussian curvature A is jiositivc at every point of an ellijjsoid and 
at everj' point of a hyperboloid of two sheets; is negative at every point of a 
hyperboloid of one sheet and at every point of a hyi)erbolic i)araboloid; but is 
positive at some jwints, zero at sttme ]K)ints, and negative at some points on 
an anchor ring. 

3. At a point on a nondevelopable ruled surface (III 7 1) the Gaussian 
curvature A is given by the formula 


(3 0) 


A = 


sin2 e 

(sin- e + 2qt + 


and is therefore negative at every finite point of the surface (see Chap III, 
Sec. 7, Ex. 3). Prove tliat A has the same value for two points on a generator 
g equally distant from tlie central jioint of g and that the value of A at the 
central point is algebraically less than the value of A at any otlier point of g, 
the minimum value of A being 


(3 7) 


P* 


p- sm- 0 


The limit of the Gaussian curvature A at a jioint F of a generator g, as F aji- 
proaches infinity along g, is zero. 

4. Calculate the Gaussian curvature A at a point of the ruled surface of 
binorrnals of a curve (see Chap. Ill, See. 7, Ex. 11), and show that the mini- 
mum value of A for all points on a generator is — 1/r*. 


5. Calculate A for the ruled surface of principal normals of a curve (see 
Chap. Ill, Sec. 7, Ex. 12), and show that the minimum value of A for all 
points on a generator is 


(3 8) 



T* 


6. The Gaussian curvature of a helicoid is constant along a helix. 
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7 . If tlie minimal curves on a real minimal surface are parametric, then 
A’ = 0, F^i), G = 0, A/ = 0, 


and consefiuently 


whence 


6 , — 0 , wUXuv — “ 0 , 


^UV ” 6 , 2/uu “ 11 I ^UV “ 6 , 


so that 

(3 9) X = f7, + r. , y^U,+ V2, z=Uz+ V , . 


Therefore a real minimal surface is a surface of translation of a minimal curve 
along a conjugate imaginary minimal curve (see Chap. IV, Sec. 6, Ex. 12). 

8. If a surface of revolution not a plane is a minimal surface, then the sur- 
face is a catenoid. 


9. A screw surface is a minimal surface (see C'hap. IV, Sec. 4, Ex. 10). 

10. A neeessary and sufficient condition that the asymptotic curves on the 
two evolute surfaces of a surface »S correspond is that 5 be a Weingarten 
surface. 


_ 4. ^uation of Euler: indicatrixof Dupin. The equation of Euler is 
a modified form of the equation (1 6) for the normal curvature \/R 
defin(‘d for a direction at a point of a surface. The indicatnx of Dupin 
is a certain conic in the tangent plane at a point of a surface, which 
serves to depict the shape of the surface; in the neighborhood of the 
point. 

In order to deduce the equation of Euler, let us consider a surface S 
and suppose that the lines of curvature on <S are parametric, so that 
E = 0, M = 0. Then equation (1 6) becomes 

1 _ Ldu^ Ndv^ 

^ ^ Ti~ Mu^ -h Gdv^ ' 

On the tangent line in which a plane of normal section intersects the 
tangent plane at a point P of *S, the positive sense is that which agrees 
with the positive sense on the curve of normal section. Let 9 be the 
smallest angle from the positive half of the a-tangent to the positive 
half of this line, in the positive sense of rotation in the tangent plane 
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as prescribed in Section 3 of Chapter IV. Then formulas (IV -3 -6) 
give 

/ . O.X « i dw • „ dv 

(4 2) ,■««.. 4^. »m9 = Cj;, 

where A, C are defined in (III 3 4). By means of these formulas and 
equation (III 3 -2), equation (4 1) becomes 

(4 3) ^ ~ cos^ 9 + ^ siii^ e . 


Finally, equations (2 12) can be used to reduce equation (4 3) to 


(4-4) 


1 _ cos- B . sin- B 
R ~ Rx Hi 


Definition 1. Equation (4 4) is called the equation of Euler. 

The equation of Euler can be used to deduce the equation of the 
indicatru of Dupin at a point P of a surface S not a plane. There are 
three (iases to be consid(‘red, according as the Gaussian curvature K 
is positive, zero, or negative, i.e., according as the point P is elliptic, 
parabolic, or hyperbolic. 



In the first case (K > 0) the principal radii Ri, Ri are both positive 
or both negative. If they are both negative, they can be made to Ix'- 
come positive by reversing the positive sense on the normal of the 
surface S at the point P, and this change can be effected by merely 
changing the sign of the parameter u. Consequently, R\, Rt may be 
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supposed to be both positive, and then R is positive for all directions 
at P. In the tangent plane of S at P let us choose P as origin of a car- 
tesian coordinate system with the f-axis along the M-tangent and with 
the »j-axis along the j;-tangent, positive senses agreeing on coincident 
lines. Then on the positive half of the tangent of the curve of normal 
section making tlu' angle 0 with the J-axis (see Fig. 18) lay off a seg- 
ment of length to locate a point Q. The coordinates ij of Q are 
given by the formulas 

(4 5) f cos (? , J 7 = 721/2 sin $ . 

Solving for cos 0, sin 0 and substituting in the equation of Pluler (4 -4), 
we obtain the equation of the locus of the point Q, namely, 


(4 6) 


+ 

Ri Ri 


= 1 . 


The locus is an ellipse. 

Dkfinition 2. The ellipse repreitenled by equation (4 6), atapoint P 
where K > 0 on a aurfaee S, ?.s called the indicatrix of Duptn of S at P. 

A reason for the name elliptic point is now obvious. Passing to the 
second case {K ~ 0), we observe that in this case one of the principal 
normal curvatures is zero. lict us suppose that l/72i = 0. Then l/TJj 
9 ^ 0 for a surface not a plane ; and R 2 , if not already positive, can be 
made to beconn* positive by reversing the positive sense on the normal. 
The limiting form of the ellipse (4-6) in this case is two parallel 
straight lines, 

(4 7) », = ±72^/2 . 

Definition 3. The two parallel straight lines represented by equa- 
tions (4 7), at a point P where K = 0 on a surface S not a plane, is 
called the indicatrix of Dupin of S at P. 

A reason for the name parabolic point is now at hand, although at 
a parabolic point the indicatrix is the degenerate parabola consisting 
of two parallel straight lines and is not a nondegenerate parabola. In 
the third case (K < 0) the two principal radii 72i, 72* differ in sign, and 
72i, if not already positive, can be made to become positive by chang- 
ing the positive sense on the normal. On the positive half of the tan- 
gent of the curve of normal section making the angle 0 with the 
^axis let us lay off a segment of length 72*'* to locate a point Q when 
72 > 0, and a segment of length (—72)*/* to locate Q when 72 < 0. 
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Thfi coonlinatps 7 ? of Q in the two cases are given by the respective 
pairs of equations 

f ^ cos d , 1 ] — sin 0 ; 

(4 8) { 

= (_/f)'/2cos<?, r, = (-R)>/2sin<J. 

Solving the pair of equations in each line for cos B, sin B and substitut- 
ing in the equation of Euler (4 4), we obtain the equations of the 
locus of Q in the two cases, namely, 


(4 9) 


r t_ 

'Ey (-R2) 


±1 . 


The locus is two conjugate hyperbolas. 

Definition 4. The two conjugate hyperbolas represented by equations 
(4-9), at a point P where K < 0 on a surface S, are called the indicatrix 
of Dupin of *S at P. 

A reason for the name hyperbolic point is now obvious. Moreover, 
reasons for the names asymptotic tangents and conjugate tangents are 
contained in the next two theorems. 

Theorem \. At a hyperbolic point on a surface the asymptotic tan- 
gents of the surface are the asymptotes of the indicatrix of Dupin. 

Theorem 2. At an elliptic or hyperbolic point of a surface conjugaie 
tangents lie along conjugate diameters of the indicatrix of Dupin. 

The proof of Theorem 1 is simple. The equation of Euler (4 4) 
shows that the slopes of the asymptotic tangents, i.e., the values of 
tan B when l/i2 = 0, are given by 


(4 10) 


tan* B = 


Ri 

Ex' 


But the equation of the asymptotes of the hyperbolas (4 -9), namely, 
(411) 


shows that the slopes of the asymptotes are precisely the slopes of the 
as)miptotic tangents, whence the theorem follows. Incidentally, equa- 
tion (4 • 10) shows that the tangents of the lines of curvature bisect 
the angles between the asymptotic tangents. 

For the proof of the second theorem, it may be observed that the 
condition (IV • 6 - 8 ) for the conjugacy of two tangents in the directions 
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dv/du, dvi/dui can bo advantageously modified when F = 0, M = 0. 
In fact, by means of formulas (2 12) and (4 2), and formulas (4 2) 
with dui, dvi, 9i in place of du, dv, 9, respectively, the condition for 
conjugacy can be reduced to 

(4 • 12) tan 9 tan 9i = — § . 

til 

This is precisely the condition satisfied by the slopes of conjugate di- 
ameters either of the ellipse (4 6) or of the hyperbolas (4-9), whence 
the theorem follows. 


EXERCISES 

1. At a point of a surface the sum of the normal curvatures for any two 
orthogonal directions is constant. 

2. At a point of a surface the sum of the radii of normal curvature for any 
two conjugate directions is constant. 

3. Prove that the mean curvature A: at a point of a surface is the average 
of all the normal curvatures l/R with resi)ect to the inclination angle 9, in 
other words, verify the formula 


(4 13) 



4. Prove by means of (4 12) that the angle 9i — 9 between two conjugate 
tangents at a point of a surface is given by the formula 


(4 14) 


tan (01 — 0) 


R 2 cot 6 Ri tan 9 

Ri - Ri 


5. Prove by (4 14) that at an elliptic point of a surface there is a real pair 
of conjugate tangents such that the angle between them is a minimum. The 
slopes of these conjugate tangents are given by the formula 

(4 15) tan* 9 = ^ . 

Jti 


Hence the tangents of the lines of curvature bisect the angles between these 
tangents. Calculate the minimum angle between conjugate tangents. 

6. Calculate the angle between the asymptotic tangents at a hyperbolic 
point of a surface. 

7. Show that eiiuations (4 2) are equivalent to 
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Hence show that 


ds* = ds"* + ds®’ , 


the lines of curvature being parametric. 

6. A local coordinate system. When the lines of curvature on a 
surface are parametric so that F = 0, M = 0, a very convenient local 
coordinate system at a point of the surface is that for which the ^axis 
is along the u-tangent, the rj-axis is along the w-tangent, and the f-axis 
is along the normal of the surface at the point, positive senses agreeing 
on coincident lines. 

The equations of transformation, between the general coordinates 
X, Y, Z of any point Q and the local coordinates y, ^ of Q referred 
to the local coordinate system at a point P(x, y, z) of a surface S, can 
be read off from the accompanying table, which is analogous to the 
table (I -7 -3) and in which A, C are defined by placing 

(5 1) A = , C = , 

the positive square roots being taken. 


(5 2) 



X-x 

Y-y 

Z-z 


Xu/ A 

VJA. 

zJA 

V 

XvfC 

y^ic 

Zv/C 


a 

b 

c 


Power-series expansions for the local coordinates £, ??, f of a point Q 
on the surface »S and near the point P can be found in the following 
way. Each of the general coordinates X, Y, Z of Q can be expanded 
into a Taylor’s series of the form 

X = X XuAu -f XvAw + -|- 2Xuv^v,Av -b + • • • , 

in which the increments Aw, At; correspond to displacement on the 
surface S from the point P to the point Q. By means of the funda- 
mental differential equations (IV -5 3), the equations obtained there- 
from by differentiation, and the conditions of Gauss and Codazzi, the 
second and higher derivatives of x can be expressed uniquely as linear 
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combinations of Xu, o. Therefore X — x can be expressed in the 
form 

(6 3) .V-x-e|: + ,^- + fo, 

in which the coefficients jj, f are the local coordinates of the point Q 
on the surface S and are analytically represent'd by the series 

{ = >l[Au 4- uAu* + 2r}2AuAt; + HjAi;*) + •••], 

V = C[At; + KHiAu* + 2r*2AuAt; + r|jAt;^) + •••], 

f = \{L^u~ + NAti^) + 6[(Zy„ + T\iL)Au^ 4- Sr^LAu^Ai' 

4- SrfjiVAuAe''' 4- (iV„ 4- r|2A)A«;3] 4- • • • . 

There are, of course, formulas similar to (5 3) for Y — y and Z — z, 
but the series (5 • 4) for tj, f are the same for each of the differences 
X — X, Y — y, Z — z. The result may now be stated. 

Theorem 1. The equations (5 4) are the parametric equations of a 
surface S referred to the local coordinate system at a point of S, the param- 
eters being Au, Av. 

An expanded form of the explicit equation of the surface .S' can be 
deduced by eliminating Au, Av from equations (5 4). The elimination 
can be accomplished by supposing that f is a power series in $, y with 
undetermined coefficients and then demanding that the series (5 4) 
satisfy this equation identically in Au, At> as far as terms of any de- 
sired degree. The result to terms of the third degree can be reduced, 
by the aid of equations (2 12) and (2 15), to 

(5 5) f = 2 4- 4- biy^) 4- • • • , 

where the coefficients 6o, . . . , 63 are defined by the formulas 

By way of illustrating the use of equation (5 5), let us drop all terms 
after those of the second degree, obtaining thus an approximation to 
the equation of the surface. If the point P of the surface .S that is now 





172 


METRIC DIFFERENTIAL GEOMETRY 


the origin is an elliptic point, and if R\, Ri are both positive, the equa- 
tions of the curve in which a plane parallel to the tangent plane, on 
the positive side of the tangent plane and at an infinitesimal distance 
e from it, cuts the surface <8 are found to be approximately 


(5 7) 




JL 

2e^i 



= 1 . 


The section is therefore approximately an ellipse which is similar to 
the indicatrix of Dupin (4 6). If the point P is a hyperbolic point, the 
section of the surface <8 by a plane parallel, and very near, to the tan- 
gent plane of S at P is approximately a hyperbola, which is similar to 
one or the other of the two conjugate hyperbohis composing the indi- 
eatrix of Dupin (4 9), according as the section is on one side or the 
other of the tangent plane. 


KXERCISKS 

1. In the local coordinate system at a point P of a surface S the criuation 
of any sphere tangent to 8 at P has the form 

(5 8) -b »)* + P - 2nr = 0 , 

where n is a parameter. Such a sphere intersects S in a curve with a double 
point at F whose double-point tangents are represented by the equations 

(5 9) f-o, 

If these tangents coincide at all, they coincide with the tangent of one or tlie 
other of the lines of curvature at P, and in each case the center of tlie sphere 
is at the corresponding ])rincipal center of normal curvature. 

2. The locus of the circles of normal curvature at a point of a surface is 
the algebraic surface of the fourth order whose eiiuation is 

(5 10) (e + n* + n (J; + f*) = 2pe -f »,*) . 

3. The locus of the centers of curvature, at a point P of a surface 8, of all 
curves lying on 8 and passing through P is the algebraic surface of the fourth 
order whose equation is 

(P + 9’ + f>)(| + |)-!-(P + rt. 


(5 11) 
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4. If the x-axis and 2 /-axis for the expansion (IV 4 25) are the tangents 
of tlie lines of curvature at the origin, which is now supposed not to be an 
uiribilical i)oint, then ui = 0, ao a 2 . Use equation (2 8) to obtain the ex- 
pansions 


(5 12) 


I{] ~ + • ■ • > 

= (h + + bsy + • • • . 


Hence sliow that the expansion (IV 4 25) becomes 





/’ + Ks;)/'*' 





5. A tangent line at an ordinary point P o{ & surface S is an asymptotic 
tangent if, and only if, it intersects .S’ in three coincident points at P. 

G. Every plane, except the tangent plane, through an asymptotic tangent 
at an ordinary point P of a surface .S' intersects .S’ in a curve with an inflexion 
at P. 


6. Geodesic curvature. The geodesic curvature at a i)oint of a curve 
on a surface is, except perhaps for sigix, the curvature of the orthogonal 
projection of the curve onto the tangent plane of the surface at the 
point. Before defining the sign of the geodesic curvature, it is conven- 
ient to introduce the tangential normal at a point of a curve on a sur- 
face. 

Dkfinition 1. The tangential normal at a point P of a curve C ona 
surface .S is the normal line of C that lies in the tangent plane of S at P. 

Since the positive sense on the tangent at a point of a curve and 
the positive sense on the normal at a point of a surface have already 
been agrec'd upon, a positive sense on the tangential normal may be 
determined by the following convention. 

At a point P of a curve C on a surface S the positive sense on the tan- 
gential normal is, hy agreement, such that the tangent of C, the tangential 
normal, and the normal of S form a left-handed trihedron. 

The direction cosines of the tangcmtial normal at a point P(x, y, z) 
of a curve (’ on a surface .S are easily shown to be 

(6 • 1) 62' — cy' , cx' — az' , ay' — bx' , 
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where o, b, c are the direction cosines of the normal of S at P, and the 
accent denotes differentiation with respect to arc length on C. The 
angle between the principal normal and the tangential normal is de- 
fined as follows and is illustrated by Figure 19, in which the abbrevia- 
tion T.N. is used for the tangential normal, and the positive sense on 
the tangent is from the reader. 

Definition 2. The angle ^ between the principal normal and the 
tangential normal at a point P of a curve C on a surface is the smallest 
angle from the positive half of the principal normal in the positive sense 
of rotation to the positive half of the tangential normal. 

According to this definition, the angle .satisfies the condition 

0 ^ ^ < 27r . 

Moreover, the angle ij/ is connected with the angle ^ (.see Sec. 1, Def. 1) 
by one or the other of the two relations 

T . . StT 

(6 2) ' I ' = •P — 2 > ^ = 'P + ~2 ' 

the latter holding only when 0 ^ ^ < ir/2. In both eases elementary 
trigonometry gives 

(6-3) cos ^ = sin (^ . 

Preparatory to formulating a precise' definition of the geodesic 
curvature at a point P of a curve C on a surface S, let us project the 
curve C orthogonally into a curve C\ on the tangent plane* at the 
point P of the surface S, by means of a cylinder .Si whose generators 
are parallel to the normal of .S at P. The projected curve* Pi and the 
original curve C have the same tangent line at P , anel the prine'ipal 
normal of Ci coincides with the tange'iitial normal of C at P except 
that their peisitive senses may or may neit agree, i.e., the ce>nter of 
curvature eif Ci may lie on the peisitive half of the tangential normal 
or else on the negative half. Moreover, the tangential normal of the 
curve C is the normal line of the cylinder *Si at the point P, and the 
curve Cl is the curve of normal section of the cylinder .S'l in the direc- 
tion of C at P. 

Equation (1 7) is equivalent to 
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S6] 

where ^ is the angle between the principal normal of C and the nor- 
mal of S, while p is the radius of curvature of C and R is the radius of 
normal curvature of S for the direction of C at P. The equation analo- 
gous to (6 -4), when the curve C is thought of as a curve on the cylin- 
der Si, is 

(R W _ 1 


where r is the radius of normal curvature of the cylinder Si for the 
direction of the curve C at the point P. Geodeaw curvature can now be 
defined. 



Definition 3. The geodesic curvature at a point P of a curve C on a 
surfobce S is the normal curvature \fr, at P and for the direction of C, of 
the cylinder projecting C orthogonally onto the tangent plane of S at P. 

An equivalent characterization of the geodesic curvature is con- 
tained in the following theorem. 
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Theorem 1. The geodesic curvature 1/r at a point P of a curve C on 
a surface S is the curvature of the orthogonal projection Ci of C onto the 
tangent plane of S at P if the center of curvature of Ci lies on the positive 
half of the tangential normal of C at P, and is the negative of the curvature 
of Cl if the center of curvature of Ci lies on the negative half of the tangen- 
tial normal. 

It is natural to call r the radius of geodesic curvature of the curve C 
at the point P. The center of curvature of the curve C'l is called the 
center of geodesic curvature of C at P. Equations (6 3) and (6 5) imply 


( 6 - 6 ) 


sin <p _ 1 
P ~ r‘ 


Squaring and adding equations (6 -4) and (6 6), we obtain 


(6 7) 


I 


The geometrical relation among the radii p, R, r is described by the 
following theorem and is illustrated by Figure 19. 

Theorem 2. If at the center of curvature corresponding to a point P 
of a curve C on a surface S a line is drawn m the normal plane and per- 
pendicular to the principal normal of C at P, this line meets the normal of 
S in the center of normal curvature of S for the direction of C at P and 
meets the tangential normal in the corresponding center of geodesic curva- 
ture of C. 

A formula for the geodesic curvature at a point of a curve on a sur- 
face will now be calculated. Equation (6 5), the formulas (6 1) for 
the direction cosines of the tangential normal, and the well-known 
formulas for the direction cosines of the principal normal at a point 
of a curve give us 

(6 8) 1 = ^x"{bz' - a/) , 


the summation being for cyclical p<*rmutations of x, y, z and of a, b, c. 
Evaluating the total first derivatives y', z' and rearranging, we obtain 

(6-9) - = Zx”[(bzu - cy^)u' -b (hz, - , 

r 


and then, by the aid of the identities (IV -4 13), 

(6-10) - = 'Lx"{{Ex, - Fxu)u' -b (Fx. - Gx„)F] • 

r ti 
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p]valuatiiig tho total second derivative x” and making use of the Gauss 
differential e{iuations (IV 5 3) to eliminate a:„u, a:„„, a:„, we arrive at 
the desired formula for the geodesic curvature 1/r at a point of a curve 
on a surface, 

(6 11) + Hiu'’ + (2r?2 - 

I - (2r}, - T\,)u'v'^ - ri,v'^] , 

in which the accent denotes differentiation with respect to the arc length 
of the curve, measured from some arbitrarily chosen fixed point thereon, 
and the s 3 Tnbols I’)* are defined by the formulas (IV -5 4). A glance 
at the equation (IV 8 3) of the geodesic curves on a surface now 
suffices to substantiate' the following statement. 

Theorem 3. If the geodesic curvature is zero at every point of a curve 
on a surface, the curve is a geodesic curve. 

Let the radii of geodesic curvature of the u-curve and the v-curve at a 
point of a surface be denoted by ri, r^, respectively. Then the formula 
(6 11) and (he expressions (III 3 7) for the elements of arc of the 
parametric curves yield the formulas 

tfi 19^ 1 _ fini 

^ ^ r, ’ r 2 ' 


If, further, the parametric curves form an orthogonal net, these formu- 
las specialize into 


(6 13) 


\ 

ri 


A’,. 


^2 


G, 


tv 


2(?A‘'= 


Let us consider on a surface .S a closed curve C which does not cross 
itself. Such a curve is called simply closed. If the curve C can be con- 
tinuously shrunk over its interior to a point, the interior is called a 
simply connected region. For example, a circle on a sphere is simply 
closed and divides the sphere into two simply connected regions. T otal 
curvature of a simply connected region will now be defined. 

Definition 4. The total curvature of a simply connected region is the 
integral 

(6 14) 




KUdudt 


extended over the region. 



178 


METRIC DIFFERENTIAL GEOMETRY 


A very powerful formula called the Gauss-Bonnet integral formula 
will now be introduced without proof:* 


(6 15) 




KHdudv = 



Here 1/r is the geodesic curvature of a simply closed curve C bounding 
a simply connected region of a surface; s is arc length along C; and 
6 is the angle between the tangent at a variable point P of C and the 
M-tangent at P, given by equations (IV 3 6). The simple integrals 
are to be extended around the boundary curve C, and the double in- 
tegral is to be evaluated over the interior region. Some applications 
of this formula will be found in Exercises 8, 9, and 10 below; and it 
will now be applied to prove the following theorem concerning a geo- 
desic triangle, i.e., a triangle bounded by three geodesic arcs on a sur- 
face. 

Theorem 4. The total curvature of a simply connected region bounded 
by a geodesic triangle on a surface is 


A-\-B-\-C — Tt, 


where A, B,C are the. interior angles of the triangle. 

In Figure 20 let the simple integrals be extended around the boun- 
dary of the triangle with its interior on the left. Since the boundary 



is composed of geodesic arcs, tbe geodesic curvature 1/r vanishes, so 
that the first integral in (6 • 15) is zero. The total angle turned through 

* For the proof see Darboux, op. cil., Ill, 125. 
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by the tangent line is 2v diminished by the supplements of the angles 
A, B, C, the sum of which ia Sir — A — B — C. Therefore the total 
angle turned through ia A B + C — r, and this is the total curva- 
ture, as was to be proved. 

On a surface with constant Gaussian curvature the total curvature 
of a simply connected region becomes the product of the Gaussian 
curvature and the area of the region. In particular, Theorem 4 gives, 
for a simply connected region bounded by a g(!odesic triangle on a sur- 
face of constant Gaussian curvature, 

(6 16) AA = A -h R + U - X , 

where A is the area of the triangle. If the surface is a developable, 
then K = 0, and hence 

(617) A+B + C = T. 

If the developable is a plane, the geodesics are straight lines and equa- 
tion (6 17) expresses a well-known th(‘orcm. 

EXERCISES 

1. For a surface of revolution (III 2 15) the radius r« of geodesic curva- 
ture at a point R of a parallel is given by the formula 


U = m (1 + /'*)•/* . 


Show that the radius r 2 is the segment of the tangent to the meridian at the 
point P, measured from P to the point where the tangent intersects the axis of 
revolution. 

2. The accompanying table gives the cosines of the angles between the 
tangent, principal normal, and binomial at a point of a curve on a surface, 
referred to its lines of curvature, and the edges of the local trihedron asso- 
ciated with the point of the surface. 



u-tangent 

t;-tangent 

normal 

tangent 


sin 8 

0 

P.N. 

—sin 0 sin <p 

COS 6 sin (p 

cos <p 

Bin, 

sin 8 cos 

—cos 0 cos <p 

sin tp 















180 


METRIC DIFFERENTIAL GEOMETRY 


3. In the local coordinate system at a point of a surface the coordinates of 
the ray-points of the lines of curvature C" and C^' are, respectively, 0, ri, 0 and 

-Ti, 0, 0. 

4. The local equation of the osculating plane at a point P of a curve C on 
a surface referred to its lines of curvature is 

{ sin cos 0 + f tan (p = 0 , 

and the local equations of the tangent line of C at P are 

f = 0 , V ~ i ® » 

where 

= tan^= ^ . 


5. The local eciuations of the osculating planes of the lines of curvature 
C“, f> at a point of a surface are, respectively, 


(6 18) 


riTz-Pif = 0, r,f + fi:2r-0. 


6. The geodesic curvature at a point of a curve, ipiii, v) = const., is given 
in terms of differential parameters by the formula 

whicli reduces to the Formula of Bonnet, 


1 _ 2/ I f yp - (r<Pu j 

r- n\\ (AV? - 


(() 20 ) 


r F<Pu— K(f>r 1 I 

+ L(^V? - a/iV.V’u + / • 


7. If the parameters on a surface are geodesic polar coordinates, i.e , the 
distance r, measured from a fixed point Fo along a geodesic througli Pq to a 
variable point, and the angle d which this geodesic makes with a fixed geodesic 
at Po, then the first fundamental form of the surface can be reduce<l to 


(6 21 ) 


dr* + (r* - J/Cor^ + 


where Ko is the Gaussian curvature of the surface at the point Pq. 

8. The total curvature of any closed surface of the same connectivity as 
the sphere, i.e., a closed surface which can be divided into two simply con- 
nected regions by one simply closed curve, is 4ir. 
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9. The total curvature of the anchor ring, which can be made into a simply 
connected region by two simply closed curves, is zero. 

10. The total curvature of a closed surface which can be made into a simply 
connected region by 2p simply closed curves is 47r(l — p). For the sphere 
p = 0, and for the anchor ring p = 1. (The number p is called the genus of 
the surface, and 2p -F 1 is called its connectivity.) 

11. Establish the formula 

- = e +~u (e 

where r is given by (6 11); r,, r^by (6 12);a)by(IV 3 l);dby (IV 3 6);and 
.s is arc length. When the lines of curvature are parametric, this formula be- 


(0 22 ) 


r Ti ~ To 


12. Formulas for the differentiation of the local coordinates defined in Sec- 
tion 5 are the following, in which .4, C are defined by (5 1): 






(6 23) 




f = -r 

^ ft. 


13. When the lines of curvature are parametric, the condition of (lauss can 
be written in the form 

KW,"" a^A7)r~ 


and the conditions of Codazzi become 


(6 25) 


S"’ {wX - -7. ik - w) ■ 

ft'/’\ft2/« fts/ • 
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7. Geodesic torsion. In this section a formula for the torsion at a 
point of a curve on a surface will be computed. The geodesic torsion 
will be defined, and a formula obtained for it. These results will then 
be applied in various special situations. 

An indirect method will now be used to compute a formula for the 
torsion at a point P of a curve C on a surface S. Let the direction co- 
sines of the binormal of C at P be denoted, as usual, by X, n, v, and 
let the angle between the binormal of C and the normal line of *S be 
defined as follows : 

Definition 1. The angle }l/i between the binormal, at a point P of a 
curve C on a surface S, and the normal of Sat P is the smallest angle from 
the positive half of the binormal in the positive sense of rotation to the 
positive half of the surface normal. 

Comparison of the angle just defined with the angle ^ between 
the principal normal and the tangential normal (sec Sec. 6 , Def. 2, 
and Fig. 19) shows that \f>i = \p. Therefore the formula 

(7 1) cos = 2Xa 

becomes, by the aid of (6 3), 

(7 2) sin Ip = 2Xa . 

Differentiation with respect to the arc length s on the curve C and 
the subsequent use of a Frenet formula give 

(7-3) cos ipip' = Z ^ a Iha' ^ . 

By means of the formula 

(7 4) cos ip = i'la , 

equation (7 3) can be reduced to 

(7 -5) cos ^ = iXa' . 

The right member of this equation can be transformed by the formu- 
las (I 4 14) and (I 4 • 18) for X, I to produce the equality 


(7-6) 


2Xa' = 2 f( 6 ' 2 ' - c'y ') . 
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When the total derivatives in the right member of this equation are 
evaluated and the Weingarten differential equations (IV -4 17) are 
used, and also the formula (7-4), one obtains 

(7-7) n{b'z'-cy) = 

where l/T is defined by the formula 

1 _ (EM - FL)du^ + (EN - GL)dudv + (FN - GM)dv~ 

T H(Edu^-\-2Fdudv-\-Gdv^) 

From the foregoing calculations we obtain 
(7-9) (^'-i+^)oosv» = 0. 

If cos tp 0, the desired formula for the torsion 1 It at a point of a 
curve on a surface is established, namely, 

(710) ; = 

It is true that cos ^ = 0 for an asymptotic curve, but the formula 
(7 - 10) can be proved (see Ex. 1, below) to be valid also for asymptotic 
curves. The geodesic torsion at a point of a curve on a surface will now 
be defined. 

Definition 2. The geodesic torsion at a point P of a curve (' on a 
surface S is the torsion at P of the geodesic curve on S that passes through 
P tangent to C. 

From the fact that either ^ = 0 or ^ = jt for a geodesic curve, it 
follows that <p' = 0 for a geodesic, and the following theorem can be 
stated. 

Theorem 1. The geodesic torsion at a point of a curve on a surface is 
the function \/T defined by the formula (7 8). 

The next theorem is a corollary of Theorem 1 and is confirmed by 
reference to the equation (IV 7 5) of the lines of curvature. 

Theorem 2. If the geodesic torsion is zero at every point of a curve on 
a surface, the curve is a line of curvature, and conversely. 

Equation (7 ■ 10) also entails as a further consequence the following 
theorem. 
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Theorem 3. A necessary and sufficient condition that the torsion and 
the geodesic torsion be equal at every point of a curve C on a surface H is 
that the angle <p between the principal normal of C and the normal of S be 
constant along C. 

Geodesies and asymptotics are examples of curves along which 
<p — const. The formula (7 -8) shows that the geodesic torsion 1/T is 
the same at a point P of a surface »S for all curves on S through P tan- 
gent to the same line at P. In particular, the geodesic torsion is zero 
for all curves tangent to a line of curvature at a point of a surface. 

The geodesic torsions l/Ti, l/Tj of the w-curve and the a-curve, re- 
spectively, at a point of a surface are shown by (7 • 8) to be given by 
the formulas 

( 711 ) ^ mi - m , ^ (''W - gm) . 


If, further, the parametric not is orthogonal, these formulas specialize 
into 


(7 12) 


1 - L - 

Tx~ H' 


A conclusion can now be drawn. 

Theorem 4. The geodesic torsions of two orthogonal curves vt a point 
of a surface differ only in sign. 

Finally, a proof of the so-called Theorem of Joachimsthal will be 
sketched. This theorem can be stated as follows; 

Theorem 5. If two surfaces intersect at a constant angle along a curve, 
the curve of intersection is a line of curvature on both surfaces or neither. 
Conversely, if a curve of intersection of tivo .surfaces is a line of curvature 
on both surfaces, they irUerseet at a constant angle. 

For the proof of the direct part of the theorem, consider two sur- 
faces Si, S 2 intersecting in a curve and let <pi, tpz and T\, T^ be asso- 
ciated with the two surfaces »S'i, *^ 2 , respectively. Substitution in equa- 
tion (7 • 10) and subsequent subtraction lead to 

0= + ipiY . 


But ipi — ipi = const, by hypothesis. Therefore T 2 = T\, and conse- 
quently Ti, Ti vanish together or else together fail to vanish, so that 



§71 


(^URVATURK 


185 


tho flosin*d conclusion is rcaclKul. For the proof of Ihc converse part 
of the theorem, observe that the hypothesis is equivalent to the equa- 
tions 

--- = 0 — = 0 

T, ’ Ti • 

CJonsequeutly, c(iuution (7 10) gives 

{<fi2 ~ tpiY — 0 . 

Therefore ip2 — <Pi = const., ami the surfaces intersect at a constant 
angle. 


KXEUCIHKS 

1. Taking tlie a‘<y!n|)t«itic curves as ]uirainptii(‘ f)n a nondevelDpablc sur- 
face S, so tliat L — 0, A’ = 0, M 0, sliow bv direct calculation that the tor- 
sions I/ti, 1,'t 2 of the «-curvc and the r-curve, re.'^iiectively, at a jMiint P of S 
are given by the fornuilas 


(7 13) 


Tl 


1/ 1 , 

ir r,* + // • 


I’nive that tlie fornuila (7 10) gives thesi* results in this cast*. 

2. liy means <»f (7 13) show that the torsions of the two asynijitotic cun’cs 
at a iMjint P of a siiiface *S' differ only in sign, and that the product of the.se 
torsions i.s the (}au.ssian curvature of A' at P. 


3. If a line of curvature is a geodesic, then the line of curvature is a plane 
curve. But a plane line of curvature is not ncces.sanly a geodesic curve. 


4. If an asymptotic curve is a getnlesic, then the asynijitotic run’e is a 
straight line. 


f). Pefining the total geodesic curniture at a jioint P of a cuive C on a surface 
S to be the rate of change in tlie direction of the tangential normal of C at P 
jier unit arc length of (\ jinive that the total geodesic curvature is given by the 
fornuila 


(7 14) 



when* 1/r and 1 IT a«', resjiectively, the gcixlesic curvature and the geodesic 
torsion of C at P. 
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0. Prove that the geodesic torsion 1/T at a point P of a curve C on a sur- 
face is given by the formula 

, .X I W 1 1 \ . 

(/ lo) y ^ 2 V7?1 R.) ^ ’ 

wliere 0 is the angle that the tangent of f ’ at P makes with the tangent of the 
line of curvature associated with the principal radius 

7. When a surface S is cut by a plane, or a sphere, at a constant angle, the 
curve of intersection is a line of curvature on N. 
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TRANSFORMATIONS OF SURFACKS 

1 . 'rUe general analytic transformation. A Iransfnrwatiov hetw^'en 
!w() surface's is a cc>rr(‘spou(l('nce botwefiii their points. 

When tlic pejiiiis (jf two surfaces are in one-to-one correspon(lc»nc<‘, 
each smfaie may be said to be transfoniieii info the other, or to I'c 
iimppi'd or iepr(‘sented up<jn the othiT. Kaeh siirfa(*e may also be* said 
f«j be a (raiisforin of the other, or to be a map or representation of tlie 
olluM'. The transformations eonsidercui in this chaptfT are mit the 
most gcaieral imaginalde but are supposed to l)c suffieiently n*gular so 
that they can h(‘ repn^sented bv analytic functions. After a few prop- 
erti<‘s of tin* gencTul analytic transformation an* studiiMl in this sec- 
tion, mon* special transformations will be disenssed in the rcmaiiiine: 
S(*ctions of this chaptiu. 

bet us considi'r two surfaces S, Si uhose paranu^tric f*(Uiafions are, 
respc‘ctively, 


(1 1 ) 


I X x(u, v) , 
[ji ■= J-Ap, ({) , 


If = lf(u, f) , 

.Vi •= .ViO». V) 7 


= z{u, v) ; 

z, = //) . 


Moreover, led us confine attention to a region of *S on which points 
r(x, yy, z) and pairs of paranuder values (//, r) are in one-to-one corre- 
spondence, and similarly consider only a region of Ni in which points 
y/i, Zi) and pairs (/>, 7) are in one-tewme correspondenc'*. Then 
a oiU'-to-oiK* correspondence bet W’een points P and Pi implies a onc-to- 
om* correspondence betweiMi pairs of parainelcT valia*s (//, v) and (/>, 7), 
and vice \c‘rsa. When sueh a correspondenee exists, eaeh of 7 is 
a function of ?/, v, and vici* versa, aeeording to tlie d(*finition of a func- 
tion as a correspondence'. 'This reasoning h'ads to the following con- 
clusion. 

''riiEOHKM 1. A tninsfonnation between a aurfaee referred to paioni- 
eters a, v and a seeoful surface referred to parameters p, 7 is representui 
analytieallij by equations of the form 

(1 2) p = p(a, v) , q ^ q{u, v) (J = Puqv “ p,7« ^ 0) . 

1S7 
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Any pair of equations (1-2) in which the functions are siiiRle-valued 
and analytic represents a transformation hetwwn th(‘ two surfaces 
(S’, tS’i with the etpiations (1 1). Correnponding cuniett on »S and *S’i are 
eurves Konerateil by corresponding points. Corrvitpondnig Uingcnts are 
the tangent lines of corresponding eurves at corresponding points. 
With the usual definition of a projedivity betwc<‘n two flat pencils of 
lines as a one-to-one correspondence betwj'en their lines such that the 
cross ratio of any four lines of one pencil is etiual to the cross ratio of 
the four corn'sixmding lines in the other pencil, the following theorem 
can be proved. 

Thkorbm 2. ir^cn the points P, Pi of two surf arcs S, Si are m one- 
to-one rorresjHmdenre, the induced transformation relating the tangent 
lines of curves at a point P on S to the tangent laws of the corresponding 
eurves at the eorresjionding point Pi on Si is a project nuty. 

The proof begins bj' difTerentiating ecpiations (1 2) to obtain 


(1 3) dp = pudu -h pida , dq = qudu + q,dv . 


Division expresses the tlirection dq, dp of a curve at a iK)int Pi on the 
surface Si as a linear fractional function of the direction di\'du of the 
corresponding curv(> at tiu; corresp(»nding point P on S: 


(1 -i) 


dv 

A, 


dp 


(Ilf ‘ 


+ "• ,¥< 


Since the cross ratio of four tangents at P is the cross ratio of their 
directions dv.'dii, and similarly at Pi, an<l sinc(“ cro.ss ratio is invariant 
under any linear fractional transformation (see Chap. IV, Sec. 2, 
E\. 6), it follows that corresponding tangents are related by a prcjjec- 
tivity, as was to be proved. 

It is possible to simplify the equations (1 2) of a geixTal analytic 
transformation between two surfaces. Let the functions p{u, r), 
q(u, v) b<* .substituted for p, ii in the (‘({nations of the snrfac(‘ *S’i; a 
transformation of parauK'ters is' thereby eff(‘ct(*(l on *S'i, from p, q to 
w, V, and the result is that now both surfac(‘s S and Si are referred to 
the same parameters n, v, so that corr(*sponding points have th(i same 
curvilin(‘ar cuor(iinat(‘s. Moreover, the surfaces have not lx*en special- 
ized, nor the generality of the corre8pondenc(! impain'd. Thus the 
following conclusion is reached. 
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Theorem 3. It is no restriction on a transformation between two sur- 
faces, nor on the surfaces themselves, to suppose that the parameters on one 
of the surfaces have been chosen so that corresponding points have the 
same curvilirwar coordinates. 

Obviously, tin; parameters on the other surface still remain arbi- 
trary. When corresponding points have tin* same (Mirvilinear coordi- 
nates, any equation connecting the curvilinear coordinates is the equa- 
tion of a curve on one of the surfa<*es and at the same time is tin* equa- 
tion of the corresponding curve on tlu' other surface. Moreover, ivhen 
corresponding points have the same curvtliru-ar coordinates, corresponding 
directions at corresponding points are egual. In fact, the eff(*ct of the 
transformation of parameters which luus just been carried out on the 
surface »Si may be expre.ssed by saying that it has simplified the equa- 
tions (1 2) of the transformation In'tween the two surfaces so that 
these; equations have' be‘e‘e)me 

p = M , q = V. 

Equation (14) therefore; reduces to 

dq _ dv 
dp du ' 

and the statement is pre)ved. A theorem eemceming correspotuiing or- 
thogonal nets will now be proveel. 

Theorem 4. If a transformation between two surfaces S, Si is such 
that the minimal curves on S and Si do not correspond, there exist an 
orthogonal net on S and an orthogonal net on Si which correspond to each 
other, and there is only one such pair of correspotuiing orthogonal nets. 

When correspemding points on the two surfaces S, Si have the same 
curvilinear coordinates, the hypotlu'sis of the theorem is that the 
first fundamental coefficients K, F, G of S are not re'spective'ly propen- 
tional to the ce)efficients Ei, Fi, Gi of S\. The only binary quadratic 
differential form whose harmonic invariant with the first fundamental 
form of each of the' surfaces S, Si vanishes is, except possibly for a fac- 
tor, the ja(’obiau of the two fundamental forms. When the Jacobian is 
set eipial to zero, the resulting curvilinear differential eciuation, 

(1-5) (EFi - EiF)du^ -H {EGi - EiG)dudv + {FGi - FiG)dv'^ = 0 , 

represents an orthogonal net on the surface S and also represents an 
orthogonal net on the surface Si. These orthogonal nets correspond 



190 


METRIC DIFFERENTIAL GEOMETRY 


and constituto the tmly pair of (‘orre.s]x)nditi|; orUiofronnl inds on the 
two surfai 08 . 

The next theorem is an analogue of tlu* pn'ceding one and ndates to 
corresponding conjugate nets. 

Thkukkm 5. If a transformation bctimni two nondvvclopable surfaces 
S, S\ is such that the asymptotic curves on S and *s’i do not correspond, 
there exist a conjugate net on. N and a conjugate net on *S'i which corre- 
spond to each other, and there is only one such fmir of corresponding con- 
jugate nets. 

The proof runs parallel to the proof of Theon'in I but involvi's the 
s«‘eond hindamental eoeflicients L, M, X of the siirfaee S and Ij\, Mi, 
Xi of *Si, in plaee of the fiist fundamental eo(*ffieients. When eorre- 
sponding points have th(> same eiirvilinear e(M>rdinates, the curvilinear 
differential eciuation of the unitiia* pair of eorresixinding eonjiigati* 
nets is 

fl O') ^ ~ L\M)du' 4- (LA'i — l,iX)dudr 

^ H + I-ILV, - .U,A)dr- = 0. 


EXEK('ISKS 

!• The orthogonal nets (^1 5) that e<*in»siK>nci on twii surfaces when the 
minimal cuives do not cones|M)nd aie real when the suifaces and paiametors 
are leal 

2. Dlscuss the realness of the conjugate nets il (i) that correspond on two 
tw(j nondevelopahle suilaces when the :isyinptotic curves do not correspond. 

3. If just one family ot asymptotic ciiives on a noialevelopable stiiface 
corresponds to just one family c#f asymptotic curves on another, then tliese 
families, each (‘outitt^d twice, may he regauh‘d as constituting a jiair of coire- 
spoiiding degenerate conjugate nets, and there is no other pair of correspond- 
ing conjugate nets. 

4. If tiie asymjitotic curves corres{N)nd on two nondevelopahh^ surfaces, 
then eveiy conjugate net on either surface* corresponds to a (conjugate net on 
the other. A similar statement concerning orthogonal nets is true if the mini- 
mal curves correspond. 

5. If a surface z = fix, y) is projecterl orthogonally onhr the i //-plane, the 
differential eipiations of the two families of the orthog(»nal net on the surface 
that corresponds to an orthogonal net on the plane can he writtrm in the form 

(1 7) 


pdx + qdy = 0 , qdx — ]}tly = 1) 


(p = /x, q= ft ) . 
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Tlip first family ronsists of tlic hori^mtal contour lines cut by the planes 
3 = const, on the surface. 'I'lic second family consists of the lines of steepest 
sloj)e on tlie surface. 

(i. C’onsider a one-t<»-one corn^spondence between the points P, Pi of two 
surface's »S’, .S’l and eliscuss the ineluced transformation relating the osculating 
planes of curves at a js)int P on »S' t<» the osculating ])lanes of the corresjMJiid- 
ing curves at the corresponding point Pi f)n »S'i. 

2. Confonnal representation. If two surfaces S and Si differ only 
in their positions in space, so that S could be made to coincide with >Si 
by a rigid motion, and if corresponding points on S and *S'i are those 
that the rigid motion would bring into coincidence, then the surface Si 
is certainly a transform of S. A rigid motion pre.serv('s all the proper- 
ties of a surface that are eonsidere<l in metric geometry, since metric 
g<*ometry is, by definition, the study ot invariants under rigid motion. 
No other transfoimatifui than a rigid nujtioii can {ireserve all the met- 
ric properties of a .surface. ( ’onse'iuentl}' many (piestions arise, among 
w’hich are the following. Givi'ii a particular transformation of surfaces, 
what prop(‘rties does it jireserve? Wliat is the most general trans- 
formation that pre.serves a given pr<'p(*rty? (liven two surfaces, is it 
possible to transform oiu' into tin* otlu'r by a certain tyiie of transfor- 
mation, i e., by a ti‘aii.sfonnaiion preserving a certain property? Given 
a .surface, wliat are all the surfaces into which it can be transformed 
by a certain type of transtormation? 

One of the most important classes of transformations of surfaces 
consists of th(‘ so-called confonnal rcprcscntalion.t. Tlu'se are the trans- 
formations that iireserve angles and are di'fined precisely as follows: 

Defi.nition 1. A tranxfornuilion bctu'ccn two nurfaces S, Si is a con- 
formal representation in case the angle b< tween any two carves intei seeting 
at a point on S is eipial to the angle between the corresponding curves at 
the corresponding point on Si. 

On the basis of this definition it is easy to prove the following 
theorem. 

Theorem 1. W’Acn the points of two surfaces S, Si are in one-to-one 
correspondence and corresponding points have the same curvilinear co- 
ordinates u, V, a necessary and sufficient condition that the correspondence 
be a conformal representation is that the coefficients Ei, Fi, Gi of Si be 
respectively proportional to the coefficients E, F, G of S 

The protif makes use of formulas (IV 3 -4) for the cosine and sine 
of the angle 6 between two curves (', ('i inti'rsecting at a point on the 
surface S. In order to obtain the same formulas fur the cosine and 
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sine of the angle 0i between the eorresponding curves at the corre- 
sponding point on the surface Si, it is sufficient to replace therein 
E, F, G by El, F\, Gi, respectively. If we have 

(2 1) El = h^E , Fi = , Gi = h^G 

where is an arbitrary function of m, v and the positiv'e scpiare root 
is to be taken for h, it is easy to verify that 

(2 2) cos di = cos 0 , sin di = sin 6 . 

Then 0i = 0, and the sufficiency of the conditioiis (2-1) is proved. To 
prove the necessity, let us obs(‘rve that, if all angles are preserved, 
then surely right angles are preserved. Th(*reforc the conditions of 
orthogonality, 

f EdvAui -f- Fidudvi -f duidv) -f Gdvdvi = 0 , 

(2 3) \ 

yEidiidui -f- Fi{dudvi + diudv) -b Gidvdvi = 0 , 

must be equivalent for all directions dv,'du, dvi 'dui. Consequently 
conditions of the form (21) mu.st be satisfied. 

The formula (III 3 8) for the length s of an arc of a curve on a sur- 
face shows that, w'hen a surface >8 is representcfl conformly upon an- 
other surface S\ and corresponding ix)ints have the same curvilinear 
coordinates u, v, then the length si of the corr('sponding arc of the 
corresponding curve on »S'i is relate<l to the length « by the equation 

(2 4) Si = hs, 

where h is a function of u, v which is the same function for all pairs of 
corresponding arcs. Moreover, the formula (IV 3 11) for the area A 
of a region of S shows that the area Ai of the corresponding region 
of iS'i is related to the area A by the eciuation 

(2 5) Ai = hU . 

Ordinarily, conformal representation does not preserve size, either of 
length or of area. But it may be said to prc'serve shape, since it preserves 
angles. It is sometimes said that infinitesimal triangles are similar 
under conformal representation. A corollary of Theorem 1 may be 
stated as follows: 
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Thkorem 2. A transformation between two surfaces is conformal if, 
and only if, the imnimal curves on the two surfaces correspond. 

Thr proof is simple. If the points of two surfaces .S', <S'i are in one- 
to-one eorrespondenco and corresponding points have the same curvi- 
linear coordinates, then tlie minimal curves on H and Si correspond if, 
and only if, the equations of the minimal curves, namely, 

Edu^ -f 2Fdudv -f Gdv'^ — 0 , 

Eidu^ 4- 2Fidudv + (hdv^ = 0 , 

are equivalent. If equations of the form (2 1) are satisfied, certainly 
the equations of the minimal curves are equivalent, and conversely. 

The next tlu'orem explains, at least in part, the reason why con- 
formal mapping is of such gn'at interest. 

Theorem 3. A ny surface can be represented conformly upon any other 
surface. 

The iiroof depends on the solution of two partial differential equa- 
tions. Consider the two .surfaces »S', ,S’i repn^sented by the equations 
(1 1), and let it be required to find a transformation of parameters 
(1 2) on Si which will validate equations of the form (2 1). Referring 
to (‘quations (IV 1 17) to recall the effect of a transformation of pa- 
rameters on E, F, (r, we see that our problem reduces to finding two 
functions u(p, y) and v{p, y) satisf>dng two partial differential equa- 
tions 


(2 6 ) 


i [Eul + 2FUpVp -1- (h'l] = -I- FiUpV, + M«Cp) + CcpC,] 

= i [Eul + 2Fm,c, + Gvl] . 


These equations are known to admit infinitely many pairs of solutions 
for u, V as functions of p, q. Hence any surface can be represented 
conformly on any other surface, and indeed tlu* representation is pos- 
sible in infinitely many ways. 


EXERCISES 

1. The e(iuati()iis {IV 3 19) .‘ire invariant under conformal representation 
for which corresjjonding points have the same curvilinear coordinates. 

2. Isothormally orthogonal nets are preserved by conformal representation. 
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3. If the parametric net, dudv = 0, on a surface N is isotherinally orthogo- 
nal, and if the parametric net, dpdq = 0, on a surface is also isotherinally 
orthogonal, then a conformal transformation between N and is defined by 

(2 7) y+ iq = f{u + iv) = -1) , 

where/ is an arbitrary function. 

4. The most general conformal rejiresentation of a surface S upon a sur- 
face S\ is obtained by finding a complex variable (p irj/ on S (see ('haj). IV, 
Sec. 3, Ex. 17) and a comjilex variable tpi + irpi on Si and by placing 

(2 8 ) tpi + 1^1 = f{if + i\f/) , 

where / is an arbitrary function. 

5. The most general conformal representation of a surface S upon a plane 
referred to ordinary cartesian coordinates xi, //i is obtained by finding a com- 
plex variable tp + lyl/ on and placing 

(2 9) xi + itji = f(*p + t\p) , 

where / is an arbitrary function. 

fi. The most general conformal representation of a jilane, referred to car- 
tesian coordinates .r, //, upon a plane referred to cartesian coordinates .ri, iji 
is obtained by placing 

(2 10 ) xi + itji = f(x + iij) , 

where / is an arbitrary function. 

7. If the parametric net, dudv = 0, on a surface is isotherinally orthogonal, 
the Gcjuations 

X = ii , ij = u 

define a conformal representation of the surface upon the .i //-plane. 

8. The e(iuations 

(2 11 ) ^ 7 , ,7 ^ P , 

where p, q are defined by placing 

p= r I +/'*)*'* I 5=*', 


(2 12 ) 
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define a conformal map of the revolute fill 2 15) upon the j:j/-plane. The 
meridians, v = const., inaj) int») straight lines parallel to the ^-axis; and the 
parallels, u = const., map into straight lines parallel to the x-axis. The loxo- 
dronies (IV 3 13) map into straight lines, 

13) y — * cot rt + c = 0 . 

9. 1'he sum of the angles in a triangle whose sides are three loxodromic ares 
on a surface of revolution is tw<j right angles. 

3. Conformal maps of the sphere upon the plane. Among all the 
conformal rcpn'sonlations of a spluw upon a plane, there are tw'o of 
sp»‘cial in1(‘rest, namely, Mercator’s chart and stereograph ic projection. 
The.s«* will he considered briefly in this section. M creator'.'} chart is de- 
finc'd as follows: 

Dkkinition 1. Mercator’s chart of the .'tphere (III 2 11) upon the 
Xjf-planc IS the representation 

(3 1) J: = <1, y = P, 

ii'hcre the parameters p, q on the sphere are defined by placing 

(3 2) p = log cot ^ , q = V . 

This n'presentation can be shown to be conformal by observing that 
the first fundamental form 

(3 3) r-f/it* + /•' sin® wr/e® 

of the sphere (III 2 11) becomes, under the transformation of param- 
eters (3 2), 

(3-4) r® sin® M(dp® + rfg®) , 

whih* the first fundamental form for the jy-plane is 
(3 5) dx® + dy^ . 

So corresponding points now have equal curvilinear coordinates, and 
the first fundamental co(‘fficients of the two surfaces are respectively 
proportional. 

Some further properties of Mercator’s chart are immediately evi- 
dent. The meridians of longitude, v = const., become straight lines 
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parallel to the y-axis. The parallels of latitude, u = const., become 
straight lines parallel to the x-axis. The lo.xodromes (IV 3 14) be- 
come the straight lines represented by 

(3 -6) y + X cot a — c = 0 (Oj c = consts.) . 

Except for nonessential modifications, Mercator’s chart can be shown 
(although the proof* will not be reproduced here) to be the only con- 
formal map of the sphere upon the plane in which the loxodromes cor- 
respond to straight lines. These properties explain why Mercator’s 
chart is so extensively used in making maps of tlu* earth’s surface, 
particularly for mariners. 

Stereographic projection of a sphere upon a plane is defined as fol- 
lows: 

Definition 2. Stereographic projection of a sphere upon a plane ts 
the correspondence established by Si-lecting one of the extremities of the 



* Scheffers, Geometrie (3d ed.), II, 102. 
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diameter perpendicular to the plane as a cerUer of perspectivity, then 
drawing lines from this point to the points of the sphere, and finally 
marking the intersection points of these lines and the plane. 

In order to write the equations of a stereographic projection, let 
us consider a sphere S with radius r and center at the origin, as 
in Figure 21. From the point Q(0, 0, r) draw a line to any point 
P i(®i, Vi, 2i) on the sphere and produce it to meet the plane 2 = 0 
in the point P{x, y, 0). The collinc'arity of the points Q, Pi, P is ex- 
pressed by the e(iuation.s 

(3 -7) Xi = kx , yi — ky , 2 i = (1 — k)r , 

where A: is a proportionality factor to be determined. Since the point 
Pi is on the sphere *S, w(! have 

(3 8) x? + y! + 2? = r® . 

The value of k is found by substituting the expressions given by equa- 
tions (3 -7) for Xi, yi, Zi in equation (3 -8) and solving the resulting 
equation for k. When this value of k is used in (3 7), the result is the 
equations of the stereographic projection of the sphere S onto the xy-plane, 

2r^x _ 2r*y 

x^ + y^ + P’ ~ + y* + r* ’ 

_ r(x^ + y* ~ T^) 

X* -|- y* + r* 



The cartesian coordinates x, y in the xy-plane can be regarded as 
curvilinear coordinates on the sphere S. Direct calculation of the first 
fundamental coefficients Ei, Fi, Gi of the sphere leads to 


(3 10) 


El = = 


(x* + y® + r^y ’ 


Fi = 0, 


Since these coefficients are proportional to the coefficients 1, 0, 1 for 
the plane, the stereographic projection is conformal. It is now easy 
to prove the following theorem. 

Theorkm 1 . Circles through the center Q of perspectivity on the sphere 
correspond to straight lines in the xy-plane, and all other circles on the 
sphere correspond to circles in the xy-plane. 
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The demonstration is made by showing tliat a linear ('quation of 
the form 

(311) Axi + Byi + Cizi - r) = 0 

transforms by (3 9) into a linear equation in x, y but that any linear 
equation in Ji, j/i not of this form transforms by (3 9) into the equa- 
tion of a circle in the jy-plano. 

It could further be shown,* although the proof will not be repro- 

* Ibid., p. 06. 

duced here, that stereographic projection is the most general conformal 
representation of the sphere upon the plane possessing the property that 
circles on the sphere correspond to circles in the plane. 

KXKRCISES 

1. If in Exercise 8 of Section 2 the revolute is specialized to he a s])liore by 
placing 

(3-12) /(«) = (r* - 

and if «o = r, compare the map given by (2 11) for the sphere with Merca- 
tor’s chart (3 1). 

2. Writing the equations of the minimal lines in the jy-plane in the form 
(IV 2 7), eliminate x, y from equations (3 9) to find the e<iuati(jns of the 
sphere referred to the parameters p, q of the plane. Prove that the transfor- 
mation (from the jjarameters p, q to new parameters pi, qi) 

' '' q\’ ^ Pi 

reduces these equations to eciuations essentially the same as the equations 
(IV 2 1 1) of a sphere referred to its minimal lines. 

4. Applicability. When a surface is thought of as a thin, flexible, in- 
extensible sheet and is then bent, or deformed, continuously without 
tearing or folding, it assumes infinitely many shape's between Ihe ini- 
tial and final ones. There are certain properties of the surface which 
are unchanged by this process and which the final form of the surface 
has in common with the original. W’hen the surface is not stretched 
or contracted at all, it is clear that the length of a curve on the surface 
is not changed during the bending process. This property is taken as 
the base of the following definition of applicable surfaces. 
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Definition 1 . A surface S is applicable to another surface *Si in case 
there exists a one-to-one correspondence between the points of S and those 
of *Si such thcU the length of any curve between any two points on S is equal 
to the length of the corresponding curve between the corresponding points 
on aS'i. 

When a surface (or portion of a surface) S is applicable to another 
surface (or portion of a surface) *Si, then aS’i is applicable to S, and the 
transformation between the two surfaces is called an isometric map. 

It is to be expected that not every surface is applicable to a given sur- 
face. For example, it is intuitively evident that a hemisphere is not 
applicable to a plane, since an attempt to flatten out the skin of half 
an orange will result in tearing or otherwise mutilating it (see Th. 4, 
lielow). So a criterion for applicability is desirable. This is furnished 
by the following theorem. 

Theorem 1. When the points of two surfaces S, »S’i are in one-to-one 
correspondence and corresponding points have the sayne curvilinear co- 
ordinates u, V, a necessary and sufficient condition that the correspondence 
he an isometric map is that the coefficients E, F, G of S be respectively 
equal to the coefficients A’l, Fi, Gi of *S,. 

The proof makes use of the formula (III 3 8) for the arc length s of 
a curv(‘ lM‘tw(>en two points on a surface S. The length Si of the corre- 
sponding curve between the corresponding points on the surface .8, is 
obtained by attaching subscripts 1 to E, F, G. If Si = s for every 
pair of corresponding curves, one of which joins two points on one 
surface and the other the corresponding two points on the other sur- 
face, the conditions 

(41) Ei = E, Fi = F, Gi = G 

arc found to be necessary. They are obviously also sufficient. 

Since equations (4 1) are a special form of equations (2 1), it fol- 
lows that every i.sometnc map is a conformal representation. In fact, any 
metric invariant in surface theory which has Ix'en expressed by a for- 
mula involving only the coefficients E, F, G and their partial deriva- 
tives with respect to u, v is an invariant under bending, or isometric 
mapping. No further proof need lx* given for the following theorem. 

Theorem 2. Angles, areas, geodesic curvature, Gaussian curvature, 
geodesics, and minimal curves are invariant under bending. 

When two surfaces are given by their parametric equations re- 
ferred to the same parameters, a transformation between the surfaces 
can be established by making points with the same curvilinear coordi- 
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nates correspond. Then if the coefficients E, F, G of one surface are 
respectively equal to the coefficients Ei, Fi, G, of the other at all pairs 
of corresponding points, the correspondence is an isometric map; in 
other words, the surfaces are applicable. Moreover, if two surfaces are 
given by their parametric equations referred to different parameters, 
it may be possible to make a transformation of parameters on one (or 
both) of the surfaces so that the parameters on the two surfaces be- 
come equal and so that the coefficients E, F, G of the one surface are 
then respectively equal to the coefficients Ei, Fi, Gi of the other at 
points with the same curvilinear coordinates. If such is the case, then 
the two surfaces are applicable. An illustration of the method just 
suggested for proving two surfaces applicable is found in the demon- 
stration of the following theorem. 

Theohem 3. Every developable surface is applicable to the plane. 

The proof will be constructed for a developable surface(III (> 1) 
not a cone or cylinder; these special cases would offer no difficulties. 
The first fundamental coefficients E, F, G of the developable are given 
by the formulas 

(4-2) E=l + t^ F = l, (7 = 1, 


where 1/p is the curvature of the edge of regresssion (' of the develop- 
able. Let the plane under consideration be the plane 2 = 0. In car- 
tesian coordinates x, y the first fundamental coefficients for this plane 
are given by 

E = 1 , F = 0, (7 = 1, 


but other curvilinear coordinates will now l)e introduced. liet a be 
defined by placing 


(4-3) 


<r = 





and consider the plane curve Ci whose equations are 


(4-4) . ® ~ Jo ’ y = J sin ads , 2 = 0, 

in which the parameter s is arc length on the edge of regression C and 
where the functions a, p belong to C. Easy calculation shows that s is 
also arc length on C i, that 1/p is also curvature of Ci, and that a also 
belongs to C i. Let a point P with curvilinear coordinates s, ( on the 
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developable correspond to a point Q in the plane defined as follows: 
at the point R on Ci with the same value of s as that of P draw the 
tangent of C i and l(‘t Q be the point on this tangent at the algebraic 
distance t from R. Then the curvilinear coordinates of the point Q are 
the same s, I as those of P. In fact, the parametric equations of the 
plane referred to s, i are 


(4 5) 


=x 

-X-*' 


cos ads + I cos a , 


V 

z = 0 


sin ads + f sin v , 


Calculation of E, F, G for the plane referred to the parameters s, t 
now gives precisely the formulas (4 2), and so the theorem is proved. 

The converse of Theorem 3 is easy to prove. If a surface is appli- 
cable to the riz-plane, then, if necessary, a transformation of param- 
eters on the surface can be made so that points on the surface corre- 
sponding to points (j, y) in the plane will also have curvilinear coordi- 
nates I, y. Then since E = 1, G = 1, and F = 0 for the xy-plane, it 
follows that E = 1,6’ = 1, and F = 0 for the surface. The condition 
(IV 5 8) of Gauss now gives AA’ — = 0 for the surface, and there- 

fore the surface is developable. The conclusion may be stated as fol- 
lows: 

Theorkm 4. The oyily surfaces applicable to the plane are develop- 
able surfaces. 

Applicaiion to the plane is often spoken of as development upon the 
plane. ’Phe reason for the name developable surface is now evident.. 

Theorem 5. A surface is a developable surface if, and only if, it is 
developable upon, or applicable to, a plane. 


EXERCISES 

1. When a developable surface is developed upon a plane, the geodesics 
on the surface become straight lines in the plane. 

2. When the rectifying developable of a cur\'e is developed upon a plane, 
the curve itself becomes a straight line. 

3. When the polar developable of a curve is developed upon a plane, the 
curve itself becomes a fixed point. 

4. Every screw surface is ajiplicable to some catenoid. 
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5. Every helicoid is applicable to some surface of revolution. 

6. Determine the function g{v) so that the conoid 

.r = u cos V y y = w sin c , z = g{v) 

shall be applicable to some surface of revolution. 

7. The revolute whose meridians are logarithmic curves, 

X = u cos r , y = u sin v j z = log u , 

and the screw surface whose parametric equations are 

X — u cos V , y = u sin v , z = v 

have the same Gaussian curvature K at each pair of corresponding points 
(?/, r), the formula for K being 

j._ i__ . 

^ (1 + H*)* ’ 

but the two surfaecs are not applicable. 

8. If the developable eircuniseribing a surfarc along a curve C is developed 
upon a plane, the geodesic curvature of C is the ordinary curvature of the 
curve into which C is transformed on the plane. 


6. Equiareal maps. Along with conformal representation, which 
preserves angles, and isometric mapping, which preserves lengths, 
should be associated equiareal mapping, which preserves areas. 

De;finition 1. A surface S is said to he mapped equiarealhj upon a 
surface S\ in case there is a one-to-one correspondence between the points 
of S and Sy such that the area of any suitably restricted region of S is equal 
to the area of the corresponding region of .Si. 

An analytic criterion for an equiareal map can be deduced as fol- 
lows. Let us consider two surfaces .S, ,Si represented analytically by 
equations (11). The areas A, Ai of corresponding suitably restricted 
regions of .S, .Si are given by 


(5 1) 




Hdudv , 



A one-to-one correspondence between the points of .S, .Si is established 
by the formulas (1-2). If the parameters on the surface .Si are trans- 
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formed by the eciuations (1-2) from p, q to u,vso that corresponding 
points may have Uie same curvilinear coordinates u, v, the formula for 
th(‘ area A i becomes* 


(5-2) 


A\ = J^ni\J\dudv , 


where ./, the jacobian of the transformation, is given by 


(5 3) 


J PuQv Pvfju 


and where the vertical bars denote absolute value. The characteristic 
comlition for an equiareal map, namely, Ai = A, is therefore equiva- 
lent to 

(5 4) [fa = ±11. 

Thus the following conclusion is reached. 

Thkork.m 1. Thr Iraniiformation 

(5 5) p = p(u, v) , q = q{u, v) (J = p„q^ - p,g„ 0) 

between a surface S referred to 'parameters u, v and a surface Si referred 
to parameters p, q is an equiareal map of S upon Si if, and only if, the 
functions p, q are solutions of one or the other of the two partial differen- 
tial equations 

(5-6) p«7v - p..7u = , 


where 11 is defined by (III 3 6) for S and H i is the same function for Si. 

It is evident that, any surface can be mapped equiareally upon any 
other, since two functions p, q can be made to satisfy one condition 
of the form (5-6). If the surface Si is the jy-plane, then Hi = 1 and 
a corollary of Theorem 1 can be stated. 

Theoukm 2. The transformation 

(5-7) x=-x(u,v), y = y(.u,v), 

between a surface S referred to parameters v and the xy-plajie, is an 
equiareal map of S upon the xy-plane in case the functions x, y are solu- 
tio7is of one nr the other of the two partial differential equatio7is 

( 5 ‘ 8 ) ^uVv ^vVu “ • 

* Goursat-Hedrick, Mathematical Analysis (Boston: Ginn & Co., 1904), I, 266. 
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By way of illustration let it be required to map the revolute 
(III • 2 15) upon the xy-planc. For the revolute the function H is given 
by the formula 

(5 9) // = «(l^-D‘/^ 

and so the problem is to solve the equations 

(5 10) XuVv — x,.i/u = ±m(1 . 

A particular pair of solutions x, y of the first of these equations is 
given by 

(5 11) x = r, y = - Cuil + . 

In the equiareal map defined by these equations, the meridians be- 
come straight lines parallel to the j/-axis, and the parallels become 
straight lines parallel to the r-axis. 

An equiareal map of the sphere (III 2 11) upon the jy-plane can 
be easily constructed. For the sphere we have 

(5 12) // = r*sinu, 

and so the problem is to solve the equations 

(5 13) Xu”» - = ±r* sin u , 

A particular pair of solutions x, y of the first of these equations is 
given by 

(5- 14) X = rv , y = r cos u . 

In the equiareal map thus defined, the meridians and parallels l)ecome 
straight lines parallel to the t/-axis and x-axis, respectively. This map 
is called Lambert's projection and can easily be shown to be the map 
obtained by circumscribing a cylinder about the sphere along the 
equator; making two points on the sphere and cylinder, respectively, 
correspond if they lie on a straight line intersecting at right angles the 
diameter of the sphere which is parallel to the generators of the cylin- 
der; and afterward developing the cylinder upon the plane. 
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KXKRCTSES 

1. If the points of two surfaces *S', .S’l are in one-to-one correspondence and 
corresponding points have the same curvilinear coordinates, a necessary and 
sufficient condition that the correspondence lie e^iuiareal is //i = ±H. 

2. If a transformation between two surfaces is both conformal and e(]ui- 
areal, tfie surfaces arc applicalile. 

3. Describe the map, of the sphere upim the plane, defined by 

(5 15) X = rv sin u, y - ru , 

4. Desrriljo the map, of the sphere ujion the plane, defined by 

(5 1(») X = 2re(l — cos «)'/*, // • r[l — (1 — cos m)*/*] . 

6. Spherical indicatrix. The uphencal indicalnx of a surface is a 
map or representation of the surface on a sphere witli unit radius and 
with its center at the origin To define this map, let us consnler such 
a region .S’ of the surface as has no two normals parallel, and draw radii 
of the sphere parallel to the normals at all the points of .S'. The locus 
of the extremities of those radii is a region .S’l of the sphere which is 
called the spherical indicatrix of the region S. To any point P(x, y, z) 
of the region .S’ corresponds a point Q{a, b, c) of the region .S’l, and con- 
versi'ly to any point Q of .S’l corresponds a point P of .S’. 

Since the coordinates a, b, c of a point Q are the direction cosines 
of the normal of the surface .S at the corresponding point P, equations 
(IV 4 7) for a, b, c may be regarded as the parametric equations of 
the indicatrix. ( 'orresponding points P, Q evidently liave the same 
curvilinear coordinates u, v. The implicit equation of the indicatrix 
is simply 

(6‘ 1) a' -|- h" -f- <“ = 1 . 

If a point P traces a curve C on a surface S, the corn'sponding point 
0 traces a corresponding curve (’i on the spherical indicatrix Si of .s'. 
If «i denotes arc length on Ci, then 

(6-2) dsl = ^(fludu -f- ajvy , 

the summation being for cyclical permutations of a, b,c. By means of 
the Weingarten differential equations (IV 4 17) this equation can be 
reduced to 

(6 3) 


ds\ = edit- -f 2fditdv + gdr^ , 
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where the first fuiulaiuental coefficients e,f, g of the spherical iiidiea- 
trix are given by the formulas 

f e = SaS = —KE + 2kL , 

(6-4) J/ = = -AT + 2k M , 

= -at; + 2kN , 

in which A, k are, respectively, the Gaussian and mean curvatures of 
the surface S. If a function h, analogous to II, is defined by placing 

(6 5) h = {eg-pyi^ 

and by agreeing to take the positive square root, direct calculation 
gives 

(6-6) h=±KII, 

the positive sign Ix'ing used when A > 0 and the negative sign when 

A < 0. 

The element of area dA on the surface is given by the formula 
(IV -3 10). The element of area dAi on the spherical indicatrix S\ is 
given by the analogous formula 

(6-7) dAi = hdudv . 


By the aid of equation (6 6) it is easy to show that 


(6 8 ) 


dAi 

dA 


= ±A. 


This result may be stated in the form of a theorem. 

Theorkm 1. If AA is a small portion of a surface S including a point 
P, and if AA i is the corresponding portion of the spherical indicatrix of S, 
then 

(6-9) lim^=±A-, 


where the limit is taken as AA shrinks to the point P and where A is the 
Gaussian curvature of S at P. 

This theorem gives a geometrical interpretation of the Gaussian 
curvature A which is quite analogous to the ustial definition of the 



§7] 


TRANSFORMATIONS OF SURFAC’KS 


207 


curvaturo 1/p of a piano curve (\ If one considers an arc As, including; 
a point P {)n (\ and constructs a circular tndicalrix Tj of the normals 
of C, the corresponding arc Asi of (\ is such that 




(he limit being taken as As shrinks to the point P, and l/'p being the 
curvature of (' at P. 


KXEKCISKS 

1. The spherical rejiresentatinn of a surface (S' is conformal if, and only 
if, (S' is a sphere or else is a minimal surface. 

2. A necessary and sufficient condition that the tangent at each point of 
a curve (' on a surface V»e parallel to the tangent at the corresj)onding point 
of th(* sj)herical image of 6' is that f Ih? a line of curvature. 

:i. A neceasary and sufficient condition that the tangent at each point of a 
curve f on a surface he perpendicular to the tangent at the corresponding 
point of the siiherieal image of f ' is that (' he an asymptotic curve. 

4. The total cur\'aturc f»f a simply connected region of a surface is, except 
possil)ly for sign, tlu* area of the spherical indicatnx of the region. 

3. The net of curves on a surface (S’ which correspond to the minimal lines 
on the spherical indicatrix of (S' is represented hy tlie differential equation 

(fi 10) nto'^ + 2fdwh’ + gdr^ = 0 

and is the net eaeli family of wliieli is conjugate to a family of minimal curves 
on (S'. At each point of S the tangents of the lines of curvature bisect the angles 
between the tangents of this net. 

fi. The angle between two conjugate tangents at a point P of a surface S 
is supplementary hi the angle between the corresponding tangents of the 
spherical indicatrix, or is eipial to it, according as the (raussian curvature of (S’ 
at P is positive or negative. 

7. Parallel surfaces. If the normal lines of a surface are also the 
normals of a second surface, it is evident that the tangent planes of the 
two surfaces at points on (he same normal are parallel; hence the fol- 
lowing tlefinition of parallel surfaces. 

Definition’ 1. Two surfaces are called parallel in case they have the 
same normal lines. 
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The following theorem will now be proved. 

Theokkm 1. The parametric equations of a surfaee Si parallel to a 
surface S can be written in the form 

(71) xi = x + n<, yi = y-\-bt, Zi = z + et , 

in which t is the constant algebraic distance from a point P{x, y, z) of S 
to the corresponding point PiUi, j/i, Zi) of Si and a, b, e are the direc- 
tion cosines of the normal of S at P. 

First of all, it is evident that the equations of any transversal sur- 
face Si of the normals of a surface S can l)e written in the form (7 1) 
when t is, in general, a function of u, v. The burden of the demonstra- 
tion consists 111 showing that Si is parallel to S if, and only if, t = 
const. Differentiation of eipiations (7 1), followed by use of the Wein- 
garten differential ecjualions (IV 1 17), leads to 

•Ttt d" {h L — LM)xv “h t^a , 

I + ^ {FM - /!;A)Jj„ -f u , 

and similar formulas for the derivatives of //i, zi The normal at each 
point P of the surface S is also the normal at the corresponding point 
Pi of the transversal surface »S', if, and only if, in addition to the con- 
ditions 

(7 3) u = f) , = 0 , 

the further conditions 

(7 4) ^oxiu = 0 , iiinxu, = 0 

are also satisfied. From equations (7 2), (7 3), and (7 4) one ob- 
tains, as a conscqueiiee, 

(7-5) (u = 0, L = 0; 

and therefore t = const. Conversely, if / = const., equations (7 2) 
and (7 3) imply that the conditions (7 4) must be satisfied. Thus the 
proof is completed. A corollary of Theorem 1 may b<> stated as fol- 
lows: 


(7 2) 


x.„= 1 -f ^ (F.U - f/L) 


xi. = ~ {FN - aM)xu + 
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Theorem 2. If neg merits of constant length are marked off from a sur- 
face S on the normals on one side of S, the locus of the extremities of these 
segments is a surface parallel to S. 

It 18 quite possible that a surface *S'i represented by equations (7 1) 
may not be a proper surface. For example, if the surface S is a sphere 
and if the ilistance t is the radius of the sphere measured toward the 
insidi* of th(* sphere, the surface »S'i degenerates and becomes merely 
the center of the sphere. Again, if the surface S is a right circular 
cylinder, the distance t can lx* chosen so that A'l is merely the axis of 
the cylinder. In what follows, the surface »S'i will lie supposed to be a 
proper surface. 

(Calculation of the first fundamental coefficients A’l, Fi, (Ii for a 
surface Si parallel to a surface S yields the formulas 


(7 ti) 


Ki = (1 - rK)E - 2t(l - lk)L , 

F, = (1 - FK)F - 2/(1 - tk)M , 

(/, = (1 - t'K)a - 2/(1 - tk)N , 


111 which A', k are, respectively, the (Jaussian and mean curvatures of 
S. From thesi* formulas one obtains 


(7-7) IIi = H(l-2tk-\-FK), 


if / is sufficiently small so that the expression in the parenthesis is 
positive. Calculation of the second fundamental coefficients for .S'l 
gives the formulas 


(7 8) 


Li = tKF + (1 - 2tk)L , 
Ml = /A'F + (I - 2lk)M , 
= tKO + (I - 2/A-)A’ . 


Finally, the ({aiissian and mean curvatures A'l, ki at a point of the 
surface aS'i are given by the formulas 


(7 9) 


K , _ k-iK 

1 - 2tk + FK ’ 1 - 2/A + fiK ' 


If F = M = 0, then Fi = Mi = 0. Moreover, if F = M = 0, dif- 
ferentiation of equations (7 fi) and use of the equations (V 2 14) of 
Rodrigues lead to the formulas 
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and in syinnndric formulas for 7/1, zi. The result can b(‘ stated as 
follows: 

Thkoukm 8. The linvs of curvature correspond on two parallel sur- 
faces, and the tangents to corresponding lines of curvature at correspond- 
ing points are jmrallel. 

The formulas (7 D) can be used to verify the following statement. 

Thkorkm t. If a nonmininial surface has constant mean curvature k, 
and if the juirallel surface for which t - \,\‘2k) is proper, then the 
(iaussian curratine of S\ is constant and given by Ki = 41:*; if the 
parallel surface S«for which t — \ k is proper, the mean curvature of St 
IS constant and given by kt = —k. 

The forimda for k\ in the s<‘eond of the fornudas (7 0) can Im* used 
to prove the next theorem. 

T11EOKK.M 5 If a nondevelopable surface has constant (Iaussian curva- 
ture K and if the two parallel surfaces Si, for which t = 4 A’"'/* are 
proper, then the mean curvatures oj St, S[ are constant and given by 

kx = +^A> -■ . 


EXKIK’ISKh 

1 . Tlie .‘'plierKal nidicatrues of two parallel surfaces are ideiitieal 

2 . The function 

A-* - K 


(7 11) 


A'* 


is an aksolute invariant under the transforni.'ition from a surface to a parallel 
surface. 

3. Show’ that the formulas (7 7) and (7 9; can be written in the form 

ff;) ('- ft) ■ 

‘‘ .. I _i/ 1 , 1 \ 

“ (ff, - t)(Ri - 0 ’ -t'^ Rt-tr 

If Ru R't are the principal radii of normal eiiiv'ature of the surface »S'i, show 
that 


(7 13) 


R[ = Ri-t, 


Rt — Rt — t * 
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Parallel surfaces liavc tlie same principal centers of normal curvature at cor- 
resisindirif; ])o]nts. 

4. Discuss the effect of taking i large enough that the expression in paren- 
thesis in the formula (7 7) for // 1 is no longer jxjsitive. 

5. Establish the foimiila 


(7 14) I (/i - i)' + - i) (i - ,5;) 1'^'"- • 


fi. Tin* ratios r\/R\, r^, aie absolute invariants under the traiiMformation 
from a siiiface to a jiarallel siiiface. Interpiet these invariants gc'omc^trK'ally 
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Anchor ring, 73, 129, 101, 181 
Applicable surfaces, 199 ff. 

AsyinptotK! curves* d(*finition of, 122 
on developable surface*, 127 
difTerential equation of, 123, 129 
paranietne*, 128, 135 
oil plane, 125 
on (piadric surface*, 131 
on ruled surface, 129 
ein sphere, 128 29 
on surfae*e eif leivedutiem, 129 
torsion e>f, 130, 185 
Asvniptotie* elevedeipable, 101 
Asymptotic tangent plane, 101 
Asvniptotie* tangents, 122, 130-31, 110, 
173 

re‘ason feir name e)f, 108 

Bertraiiel e*urve*s, 59 02 
Hinorrniil, 15-10 

le'feired to meiving trihedron, 47 
rule*ei sill face e»f, 101, 129, 104 
Beinned . Formula eif, 180 

Cat(‘iu)id, 73, 131, B)5, 201 
Cayley’s cubie* scroll, UK) 

Cente*r* eif ciirvat lire, 33, 154, 172, 174, 
170 

of geoelt'sie* curvature, 170 
of neirmal curvature, 155, 170 
of ose-ulating e*ire*le, 33 
e)f osculating sphere, 33-34, 90 
Central plane, 99 100 
Ceiitial j)()int, 98-102, 104 
Cliarae'teri.stie*, 81—82 
e>f osculating sphere, 85 
e)f plane, 89 

of tangent jilane, 13t>-41 
ChristeifTel threM*-melex syinbeds, 132 
Coelazzi e'onditioiis, 134-35, 100, 181 
Ceimbescure: transfeirmatieui e)f, 57-59 
Cemformal repre'sentatiem, 191 ff. 
Conjugate eliree-tions, 130, 138 
Conjugate net, 135 4 1 
Cemj ligate tangents, 130, 139 40 
reason for name of, 108 
Connectivity, 180-81 


Conejiel, 73, 92, 140, 202 

Contour lines, 191 

Crejss ratio, 112, 114, 188 

Cubie*al e‘llipse, 0 
hyp(*rbe>la, (> 
hyperbolic jiarabola, 0 
parabola, 4, 0, 18, 37, (iO, 92 

Curvature** of asymptotic curve, 130 
center of, 33, 154 55 
nf <*ircular hedix, 21 
constant, 35 30, 59 
of curve on surface, 151-52 
Gaussian; see Gaussian curvature 
line's (jf , see Lines of curvature 
mean; see Mean curvature 
in moving coordinate system, 40-47 
normal, see Normal curvature 
of plane curve, 2, 21-22, 130, 207 
radius of, 33, 152 -53, 155-50 
of space curve, 19, 21, 92, 130 
of straight line, 21 
third, 25 

total, .see Total curvature 
total geodesic; see Total geodesic 
curvat lire 

Curvilinear coordinates, 07 

Cusp, 39 

Cuspidal edge; see Edge of regression 

Cylindroid, 73, 92 

Developable surface, .80 ff. 
applicable to plane, 2(K)-202 
asymptotic curves on, 127 
conjugate net on, 140 
explicit eipiation of, 92 
geodesic'S on, 150 
implicit equation of, 92 
line of strictKui on, 99 
lines of curvature on, 145 
principal normal curvatures of, 100 
reason for name of, 201 
as special ruled surface, 9 4, 98, 102-3 
tangent planes of, 88 

Differential equation: of plane curves, 
27 

of space curves, 32 

Differential parameters, 108, 120-21, 
140, 180 
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Direction, 71), 113, 117, 122, 153 ff , 
lot), lSH-89 
Director curve, 93 
Double jKuiit ; see Node 
Diipin: indicatnx of, IGtHVS, 172 

Edf^e of n'frresaion, 83, S7, 89, 92, 99, 
159, 2(K) 

Element i»f arc of curve on surface, 74 
of e\olute, 52 
for parallel surfaces, 210 
of paiainetiic cuive, 75 
of plane curve, 2 
of space iMiive, S 
on spherical indicatn\, 205-i> 
Element of area, 1 IS 

on s])hei ical indu^ati i\. 200 
Ellipsoid, 72, 104 
Elliptic paraboloid, 73. 1 11 
Elliptic point, 102, 109, 172 
reason for name of, 107 
Envelope* of charactei istics, 82 83 
ill local coordinates. Si 85 
v)f plane curves, 85 
of jilanea, SS-9i) 
of surface's, 81 -S2, S5-S(» 
of tanKonl plane's, 139- 10 
Equiareal map, 202 IT 
Eult'r. eepiation of, Itio-titi 
Euler's enpiation for ('xtrennals, 1,50 
Evolule dehnition of, .50 
planar, 51V-57 
of plane curve, 53 
rotation property of, 52 
Evolute suiface, 159--01, 105 

Flat point ; see Planar point 
Focal j)oint. of characteristic, 82 S3 
of generator, 87 
of normal, 143-44, 159 
of tangent, 139-40 

Frenet formulas, for plane curves, 2t) 
for space curves, 22 

Ciauss-Honnet integral formula, 178 
Gauss condition, 133-34, 101, 181, 201 
Gauss differential equations, 131 -32 
Gaussian curvature: definition of, 101 
constant, 179, 210 
for developable surface, l01-()2 
for explicit eqnatifiii, 101 
geometrical interpretation of, 200 
invariant under bending, 199 
for minimal surface, 103 
for parallel surfaces, 209-10 
as product of torsums, 185 
for ruled surface, 164 


Genus, ISl 
Geodesic* circle, 1.50 

Geodesic curvature: definition of, 175 
center of, 170 

invaiiant under bending, 199 
radius of, 17(V-77, 179 
total, 185 

Geodesic* curves, dc'fimtion of, 140 
diffeiential ecpiation of, 117 
on evolute surface, 101 
invaiiant under bending, 199 
minimizing property of, 1 19 .50 
in plane, 150 
on sj)liere, 150 

as of zero gt'odesic c-urvatuu*, 177 
Gc'odesic* ])arallc4s, 14S -5t) 

Geodc‘sie polar coordinates, ISO 
Gc'odesie torsion, 182 IT. 

Geodesic triangle, 178 

Harmonic* invariant. 111, 111, ISO 
Harmonic separation, 113 11 
of asymptotic* tang(*nts, 139 
of mmiinal tangc*n{s, MS 

Heli(*oid, 71, 1 10, 104, 202 

Helix circular, 5, 10, 17, 21, 25, 30, 50, 
02. 73, 121 

cylmdne al, 27, 53, 91, 1.50 

Hv|M'rbt»lic paraboloid, 72 -73, 92, 100, 
Mu, 140, 101 
Hyj)eibc»lic j)oint, H)2, 172 
reason for name of, lOS 

Hyperboloid of one shc*et, 73, 92, 101, 
131, 101 

of two ahcc»tH, 73, 104 

liifiexiop, 40, 92, 131, 1.50, 173 
Instantanc*ou.s axis, 2(i, 91. 102 
Integrability conditions, 133 31 
Intrinsic ecpiations, 21, 27 

Involute definition of, IS 
of c'lrcular helix, .50 
parallelism property of, 49 
planar, .57 

string property of, 49-50 
Isornetrie map, 199 
Jsothermally eonjugate not, 1 11 
orthogonal net, 120-22, 145, 193 95 
Isothermic* parameters, 120 
Hurfac*e, 145-40 
Isotropic cone, 114 
plane, 111 

Joachimsthal : Theorem of, 184-85 
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La);ranKf'*H idontity, 7.5 

Latnbcrt's projrrtuiii. 20} 
raplace (lifTrreiitial rcpiaticm, 141 
Laf>la('(' tratiMformpd point., KIO, ISO 
liinp of fltnctiofi (Ic'finitioii of, iHI 
of (Ipvolopahlc* Hiirface, 90 
of hyp(*ri>oloul of one short «)f rovcilii- 
tioii, 101 

of Mcrow siirfaoi‘, 101 
Linos of (Mirvatiiro (iofinitioii oL 1 12 
rono.<ipoiHlinK (»ii parallol 8urfa(*f\s, 
210 

(lilTon^ntial ociuation of, 143, 11.1 
indotomiinatoiiosH of, 1 11 
osoulatiiii; pianos of, ISO 
parumotrio, 11.1, HiO, 10.111 , ISO Si 
rf*ason hir narno of, l.lS 
as (»f zoro ^mhIc^io torsion, 1S3 
Loxodronio, 11!), 19.1 !)0 

Moan 'Mirvatiiro dofinitioii of, 101 
const ant, 210 
f<»i explicit (Mpiatioii, Itil 
for paiallol siii faces, 20!)-10 
M Cl caNir’s chart, 19.V!)0, 1!)S 
Moii.sni(‘r ^riu‘orom of, 1.1.1 

Minimal ciiivcs dofinition of, lit) 
corrospondiiif', IS!) !)(), 193 
as Koodcsics, 1.10 
invariant undor bonding. 199 
paraiiictiic, 111, 122, 10.1 
paiamotrio orpiations of, 110 
ill pl.ano, 111 

oiisphoro, 111-12, 111, 12S-29 
on surfaci*, 110--11, 122 
Minimal stiai^ht linos, 110, 111 
in plane. 111, 19S 
on sphere, 1 12, l!)S 
Minimal suiface, 102-03, 10.1 

Natural on nations, 2.1 
Not definition of, tiS 

conjnnate, see Conjugate not 
niiniinal. 111, 12S 
orthopmal, lltV-lS 
paramotric, 09, 101 0, 111, 12S, 13S, 
14.1 

Node, 130, 172 

Noniial curvature, 1.1.1-.10, 109 
in asymptotic direction, l.lti 
circle of, ltl.l, 172 

principal; see Principal normal rnirva- 
tures 

radius of, 1.5.1 -.50, 109 
Nonnal piano, 13, 92 
onvolopo of, !X) 

Nonnal section: curve of, 1.14-.55 


Normal of surface: definition of, 7!) 
developable surface of, 143, 1.19 
for exfihcit €(|uation, SO 
for implicit erpiation, SO 
lositive sense on, 7!) 
or ruled suiface, !)1, 100 -101 
for surface of revolution, SO 

Orthogonal tiajoctoiies, 119 20 
OsiMilatiiiK I'lrcle, 33, .17, .52 
OsciilatiiiK f llano, 13, IS, 92 
of curve *>ii .surfa**o, 122-23, ISO 
eiiveloj)!* of, !K) 
of lino of (Mirvaturo, ISO 
Osculating sphere, 32, 3f>, .10 
onvohijK* c'f, 8.5 

Parabolic curve, 127, 129, 131 

Parabolic point, 127, 102 
reason for name of. 107 
I’aiallel suifai'es, 207 fT 
Parameter of distribution, 101 

IManar involute. .10 -.17 
involute, .17 

Planar point, 12s. 1.13, Lit) 

Plane curve as Bertrand (MIIvo. .19 
e volutes of, ,12 -.13 

necessary and sufficient condition 
for, 0, .12 
normal line of, 2 
parametric equations of, 20 
siiffieient condition for, IS, (il 
tangent lino of, 2 
Plateau: pioblern of, 102 -ti3 

Polar develop.able definition of, !X1 
develojied on plane, 201 
as envelope of normal pianos. 90 
as sustaining evolutes, ol 
Polar line, 33 3.1, 51 
locus of, 90 

Positive sense on bmormal, 10 
on common peq)endiciilar, 97 
on cMirvo, S 

on normal of surface, 7!) 
on parametrie curve, 7.1 
oil principal normal, 17, 37 
on tangent, 12 
on tangential normal, 173 
Positive sense of rotation, of normal 
of curve, 1.12 

of tangent line of surface, 11.1 
of tangent plane of ruled surface, 100 

Principal centers of normal curvature, 
158-59, 103, 172 
circles of normal curvature, 1.58 
radii of normal curvature, 158-59 
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Principal normal, 15-16 
of curve on surface, 151 flf. 
referred to moving trihedron, 46 
ruled surface of, 102, 129, 164 
Principal normal curvatures, 156 ff. 
for developable surface, 160 
for surface referred to lines of curva- 
ture, 160 

for surface of revolution, 160 
Projectivity, 188 

Radius* of curvature, 83 
of osculating circle, 33 
of osculating sphere, 33 
Ray-pomt, see Laplace transformed 
point 

Rectifying develoiiable, t)0-91, 150 
developed on plane, 201 
Rectifying iilane, 17, 92 
envelope of, tK)-91 
Rcvolute; see Surface of revolution 
Riccatr equation of, 129 
Rodrigues: equations of, UK) 

Ruled surface, 92 fT. 
asymptotic curves on, 129 
Gaussian curvature oif, 164 
of normals, 142 

orthogonal trajectories of generators 
on, 120 

Screw surface, 73, 92, 101, 119, 121, 
131, 165, 201-2 
Scroll: definition of, 92 
Cayley's cubic, 100 
Singular point, 4, 39 
Spherical curve, 34, 36, 91 
Spherical indicatrix: of binormals, 20 
of surface, 205 ff. 
of tangents, 19 

Stationary osculating plane, 40 
point, 39 
tangent, 40 

Stereographic projection, 196-98 
Striction; see Line of striction 
Surface of centers; see Evolute surface 


Surface of revolution: asymptotic 
curves on, 129 

conformal map of, 191-95, 198 
eqinareal map of, 204 
first fundamental coefficients for, 76 
lines of curvature on, 1 15 
loxodromes on, 119 
meridians as geodesics on, 150 
normal of, 80 
parabolK! curve on, 131 
parametric equations of, 70-71 
principal normal curvatures of, 160 
radius of geodesic curvature of 
parallel on, 179 

transformation of parameters for, 
109, 114 

Tangent developable definition of, 86 
of cubK‘al parabola, 92 
as envelope of osculating planes, IK) 
as sustaining involutes, 18 
Tangent line, 2, 12, IS 

referred to moving trihedron, 16 
Tangent plane, definition of, 78 
of develofiahle surfa(‘e, 88 
of ruled surface, 91-9t), 100 
Tangential nornun, 173-74 
Torse, 92 

Torsion: of asymptotic curve, 130, 185 
of circular helix, 25 
of curve on surface, 182 ff. 
geodesic, 182 ff. 

in moving coordinai-e system, 47 
of plane curve, 25 
sign of, 23 

of space curve, 20, 23, 25 
Total curvature, 177-81, 207 
Total geodesic curvature, 185 
Tractnx, 62 

Translation surface of, 141, 165 

Umbilical point, 144, 156. 

Weingarten differential equations, 12fi, 
132 

Weingarten surface, 163- 65 
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